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2.  Technical  Appendices. 

The  remainder  of  this  renort  consists  of  two  technical  aooen 
dices  as  follows: 

Aooendix  I:  The  Dirichlet-Neumann  Boundary  Control  Problem 
Associated  with  Maxwell’s  Equations  in  a  Cylin¬ 
drical  Region 

Appendix  II:  Dual  Paley-Wiener  Snaces  and  "Regular”  Nonharmonic 
Pourier  Series 

Both  of  these  are  authored  by  the  I>rincipal  Investigator. 


APPENDIX  I 


The  Dirichlet-Netamaim  Botindary  Control 
Problem  Associated  with  Maxwell's 
Eouations  in  a  Cylindrical  Region 

This  work  was  also  supported  in  nart  by  the  Army  Research 
Office  under  Contract  DAAG29-80-C'-0041. 
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SIGNIFICANCE  AND  EXPLANATION 

This  paper  concerns  the  controllability  of  the  Maxwell  electromagnetic 
equations  in  a  cylindrical  spatial  region  by  means  of  controlling  currents 
caused  to  flow  on  the  boundary  of  the  region.  Here  controllability  refers  to 
the  ability  to  transfer  from  electric  and  magnetic  fields,  given  at  the 
Initial  Instant,  to  corresponding  fields  prescribed  at  a  later  instant. 

Studies  of  this  type  are  significant  in  relation  to  wave  guides,  EM-pulse 
devices,  radar  non-relective  (stealth)  aircraft,  controlled  thermonuclear 
fusion  and  many  other  in^rtant  applications. 


TRE  DIRICHLET-MBUMANH  BOOMDARy  CONTROL  PROBLEM  ASSOCIATED 
WITH  MAXWELL'S  EOUATIONS  IN  A  CYLINDRICAL  REGION 


D.  L.  Russell 


1.  BAaCGROOHD. 

Zn  this  paper  im  consider  a  region  0  Q  R^,  not  necessarily  bounded,  having  piecewise 
sanoth  boundary  T  and  alsoat  everywhere  uniquely  defined  unit  exterior  norsal  vector 
V  m  v(x,y,s),  (x,y,s)  6  T.  It  is  assuswd  that  the  region  0  is  occupied  by  a  medlun 

having  constant  electrical  peruitivity  c  and  constant  nagnetic  permeability  |i.  We  have 
then,  in  fi,  the  paired  electric  and  magnetic  fields 

B  -  BCx,y,s,t)  , 

H  “  HCx,y,x,t)  , 

having  finite  energy 

B<t)  -Vl///  ♦  liltl^)dv  ,  (1.1) 

a 

where  I  I  denotes  the  usual  Euclidean  norm  in  R^«  As  is  well  known  ((4],  [9]),  f  and 
S  satisfy,  in  0,  Maxwell's  equations 

curl  "  *  •  if  '  (1.2) 


♦ 

2H 

curl  S  * 

-^it  ' 

(1.3) 

div  i  • 

P  , 

(1.4) 

dlv  8  • 

0  , 

(1.S) 

where  p  "  p(x,y,s,t)  is  the  electrical  charge  density  in  0  -  which  is  cero  throu^out 
this  paper.  (That  equation  (1.S)  might  eventually  have  to  be  modified  to  account  for 
magnetic  monqpoles  will  trouble  us  not  at  all  herel) 


Control  probloM  nssoelatod  with  Maxwell's  aquations  have  been  of  interest  prinarily 
in  connection  with  nuclear  fusion  applications  -  in  which  case  p  is  not  identically  equal 
to  zero  and  the  Maxwell  equations  are  coupled  with  the  dynaeical  equations  qoverning  the 
plasM  evolution.  In  this  connection  we  cite  the  work  of  P.  K.  C.  Hang  [29],  [30],  [31]. 
The  point  of  view  which  tre  take  here  is  that  we  cannot  hope  to  treat  these  more  complicated 
problems  until  we  have  a  fimwr  grasp  on  the  control  theory  of  Maxwell's  system  in  its  o«m 
right.  In  this  direction  soots  work  on  controllability  with  control  influence  distributed 
throughout  Q  has  been  carried  out  by  G.  Chen  [2] .  [3] .  we  are  priouirily  concerned  here 
with  the  possibility  of  influencing  the  evolution  of  the  fields  ^  and  by  means  of  an 
externally  detersdned  current  }(x,y,z,t)  flowing  tangentially  in  T  so  that 

)(x,y,z,t)*v(x,y,z)  •  0  ,  (1.6) 

for  (x.y.z)  e  r  where  w(x,y,z)  is  defined.  He  will  assume  that  the  noroMl  component  of 
i  vanishes  outside  fi  and  that  no  charge  is  permitted  to  accusulate  on  T.  Then  we  have 
the  boundary  conditions  (see  e.g.  [41,  [28]) 

ci(x,y,z«t)*v(x,y,s)  -  0  (1.7) 

v8^(x,y,z,t)  ■  S(x,y,z)  x  }(x,y,z,t)  (1.8) 

for  (x,y,s)  e  r  such  that  $(x,y«z)  is  well-defined.  Here,  and  subsequently,  the 
subscript  T  refers  to  the  component  of  the  vector  in  question  which  is  tangential  to  T. 

Similarly,  ths  subscript  v  will  denote  the  normal  component  (thus  (1.7)  is  the  sasm  as 

•  0).  writing 

f  -  on  r  , 

3  ■  3^  ♦  3^  ■  3^  on  r  , 

we  see  that  (1.8)  becomes  |i8^  >  v  x  3^,  so  that  is  a  vector  tangential  to  r  and 

perpendicular  to  3  “  3^, 

Ths  stats  space  in  which  we  study  solutions  of  the  above  system  will  be  denoted  by 
"b  d^^^'  *  closed  subspace  of  the  space  8^(8)  of  square  Integrable  six- 

dimensional  fields  (i(x,y,s,t),  8(x,y,z,t))  with  the  inner  product  and  norm 
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4. 


€ 


^7rfi 


<(t,,J^)l(42,ffj)>  S  ///  (*^,*^2  ■*■ 

l(i,jt)l^  -  <(l,fi)i(i>fi)>  .  (1.9) 

ClMrly  H^(a)  la  a  raal  Hllbart  apace  with  thia  inner  product.  Where  a  complex  apace  ia 
requlrad,  we  employ  conjugation  an  uaual.  The  atate  apace  ^(Q)  ia  tha  cloned  apan  in 
Hg(Q)  of  thoae  eontinuoualy  differentiable  fieldn  (E(x,y,z,t),  H(x,y,e,t))  for  which 


9® 

*®a 

div  E 

“  fT 

^  W 

*  TT 

3H 

»"a 

div  H 

X 

“  TT 

* 

■"  TT 

It  ^o«^0  ^1*^1  aaxxjth  aolution  paira  for  (1.2)-(1.5),  (1.7),  (1.8), 

tha  ftrat  oorreapondin?  to  3  s  0  on  T,  we  aee  eaaily  that 

It  «*0'*0»»‘*1'^’>  “ 

■  ///  («l*o*  TT’  *  It"  *  *  TT  ' 

■  (uaing  (1.2),  (1.3))  > 


///  (S-*  curl  -  curl  8.*  8^  ♦  curl  curl  B,)dv 

Q 


-  (uaing  div  (E  x  h)  -  curl  t  •  S  -  f  •  curl  8) 


///  [«Hv(f|j  X  fi^)  +  dlv(f,  X  Sp))dv 

a 


-  ff  (tg  X  X  5^)  •  vda  -  (uaing  (1.7)) 

r 


-  //  ‘*0T  "  *1T  ^  ‘OT  "  *1V  ^  *1T  “  *0t  *  *it  "  *0V>  * 
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-  II  (*0T  “  *1T  ♦  *1T  “  *0t>  • 


(using  (1>8)  and  noting  that  J  S  0  for  tg, 


“  //  ‘*0T*  • 


(1.10) 


If  ws  go  through  tha  sum  ooaqputatlon  with  both  replaced  by  the  same  E/H 


satisfying  (1.2)-(1.S),  (1.7),  (1.8)  we  find  that 


^  (i  X  fi)  •  $da  “  -  II  t*  idm  . 
r  r 


(1.11) 


For  }  S  0  genarallsed  aolutlons  of  (1.2)-(1.S),  (1.7),  (1.8)  can  be  discussed  In  the 
general  context  of  partial  differential  equations  and  strongly  continuous  semigroups.  The 


gsneratos 


h({,S)  ■  (j  curl  8,  -  j  curl  i) 


(1.12) 


with  dcaMln  ocoslstlng  of  8>8  in  the  Sobolev  space  ^  8^(0))  having 


sera  divergence  and  satisfying  (cf.  (1.7),  (1.8)) 


%  ”  Mr  ‘  “  ' 


(1.13) 


Is  antisymmetric  and  generates  a  group  of  Isometries  In  ^(Q)*  (See  [32],  [33],  [34] 
for  related  work.)  Sufficient  conditions  on  8  so  that  solutions  of  the  Inhomogeneous 
system  (1.2)-(1.S),  (1.7),  (1.8)  lie  In  strongly  continuous  there  may  be 

obtained  much  as  In  [18],  [19]  but  It  Is  not  easy  to  specify  necessary  and  sufficient 
conditions.  Indeed,  this  Is  already  difficult  for  the  much  simpler,  but  related,  wave 


equation 


p.  1!=  -  if-  ♦  ii!  ♦  i!- 

2t*  2x^  ay*  ax* 


with  boundary  forcing  terms,  we  will  make  some  comments  related  to  this  in  Section  6. 


2.  COOTHOL  PROBLEMS  IH  A  CYHWDRICAL  REGION 

Th«  Min  point  in  this  papnr  la  to  study  tha  question  of  controllability  of  the 
slaetroMqnstle  field  by  Mans  of  tha  boundary  current  3  “  S^.  By  controllability 

we  eean  the  possibility  of  tranaferrlnq  an  Initial  field  i(x,y,s,0),  d(x,y,s,0)  e 

t  -  0,  to  a  prescribed  teralnal  field  E(x,y,s,T), 
fi(x,y,s,T)  e  specified  at  t  •  T  >  0,  by  eeans  of  a  suitable  control  current 

}(x,y,s«t)  defined  for  (x,y,s)  e  F,  t  e  (0,T] .  Because  the  homogeneous  Maxwell 
equations  correspond  to  a  group  of  Isosutrles  In  it  is  enough  to  consider  the 

special  case  wherein 

l(x.y.*,0)  s  0  ,  (2.1) 

fi(x,y,s,0)  s  0  .  (2.2) 

For  a  given  space,  J,  of  adnlsalble  control  currents  5(x,y,z,t)  >  ^^(x,y,z,t)  defined 
on  r  X  tO,T]  tM  define  the  reachable  set  R(T,J)  to  be  the  subspace  of 
consisting  of  states  reachable  froe  the  zero  Initial  state  using  controls  $  6  J. 
Following  earlier  definitions  ((BJ,  (26)),  our  system  is  approximately  controllable  in 
time  T  If  R(T,J)  is  dense  in  ^(Q)  and  exactly  controllable  in  tine  T  If 

R(T,jr)  >  some  precisely  designated  subspace  of 

At  this  writing  we  are  not  able  to  discuss  the  general  three  dimnsional  problem 
wherein  the  vector  fields  i  and  S  are  unrestricted,  except  as  stipulated  heretofore, 
and  Q  has  a  general  geometry.  He  hope  in  later  wor)c  to  consider  at  least  som  three 
dlMnsional  cases  which  arise  for  special  domains  Q.  But  for  now  we  must  content 
ourselves  with  the  case  in  which  Q  is  a  cylinder: 

0  “  R  X  (-“,*•)  “  { (x,y,z)  I  <x,y)  C  R  C  R^,  *  real) 
where  R  is  an  open  connected  region  in  R^  with  piecewise  smooth  boundary  B.  Thus 

3fl  •  3R  X  (•«,•>)  «  B  X  (-«•,•)  . 

Even  here  we  can  give  results  only  for  special  two  dimensional  regions  R. 

The  two  dlMnsional  problem  in  the  cylinder  Q  •  R  x  (-«>,*)  occurs  when  we  confine 
attention  to  fields 


which  do  not  depend  on  the  coordinate  z  corresponding  to  the  axial,  or  longitudinal 


I 


ti 


direction  of  the  cylinder,  (Note  that  this  is  not  at  all  the  same  thing  as  requiring 
that  E^,  the  field  components  in  the  z  direction,  should  be  zero. )  We 

correspondingly  consider  only  control  currents 

J  =»  J(x,y,t) 

which  do  not  depend  upon  z. 

Of  course  the  energy  B  in  Q  is  infinite  under  the  above  circumstances  if  S 
are  not  identically  zero.  We  redefine  B  to  be  the  energy  per  unit  length  of  cylinder: 

(2.3) 


E(t)  “  Vj  / /  (6l2(N.y,t)l^  +  lllS(x,y,t)l^)dxdy  . 
R 


The  space  H  (Q)  is  now  replaced  by  H_  .(R).  Because 

Bp  Q  Bp  Q 


we  have 


dlv  E  ‘ 

The  curl  expressions  simplify  to 


>t) 

3H^(Xpypt) 

*  rf  n 

-  o» 

3z 

9e 

3H  3H 

i  +  TT^. 

dlv  ?  •>  7-^  + 

3y  ' 

3x  3y 

3e 

3e  3e  3e 

f—  - 

_ 

3x  '  3x  3y  ' 

3h 

3H  3H  3H 

■ 

_£  _ *1 

3x  '  3x  3y  ^  ' 

so  that  the  equations  (1.2),  (1.3)  become 


(i)  t 


(ii)  c 


(iii)  e 


3e 

3H 

dH 

3E 

X 

z 

(iv) 

X 

II  —  « 

z 

3t 

3y 

3t 

'  3y 

3e 

3H 

an 

3e 

_y  ,= 

z 

(V) 

y 

_ z 

3t 

"  3x 

^  at 

3x 

3e 

3H 

3H 

an 

z 

__Z  _ 

X 

(Vi) 

z 

U  ■  . .  » 

- i 

3t 

3x 

3y 

at 

3x 
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(2.4) 


(2.5) 


It  is  clear  froa  (2.5),  (l)-(vl),  that  if  l(x,y,0),  H(x,y,0)  arc  qiven,  then  the 
subsequent  evolution  of  Ej^(x,y,t),  H2(x,y,t)  detemine  all  of  the  other  components.  As 
for  these  components  themselves,  differentiating  (2.5)  (iii)  and  (2.5)  (vi)  with  respect 
to  t  and  then  substituting  (2.5)  (iv),  (v>  and  (2.5)  (i),  (ii)  into  the  respectively 
resulting  expressions,  we  obtain  the  familiar  wave  equations 


3^E 

z 

a^E 

K  _ £ 

at^ 

9y^ 

a^H 

Z 

a^H  a^H 

*  * 

at^ 

ax^ 

ay^ 

valid  for  (x,y)  e  R,  t  6  (0,*),  provided  E^,  have  enough  derivatives,  or  provided 
the  equations  are  interpreted  in  the  distributional  sense.  Assuming  the  Initial  states 
{(x,y,0),  H(x,y,0)  are  divergence-free,  we  compute  (cf.  (2.4)) 


,  as 
i-  f—i 
at  '•ax 


as 

■  (using  (2.5)  (i),  (ii)) 


a^H 


a^H 

a^alJ^  “  ° 


and  similarly 


at  ^ax 


an  aH. 

f—  •►  —3^1 


0 


and  %re  conclude  that  the  fields  remain  divergence-free  for  all  time. 

Suppose,  then,  that  divergence-free  initial  states  £(x,y,0),  fi(x,y,0)  are  given. 

as 

Then  E2(x,y,0),  H2(x,y,0)  are  known  and  (2.5)  (iii),  (vi)  determine  (x,y,0)  and 

an 

(x,y,0).  If  (2.6),  (2.7)  are  then  solved  with  these  initial  conditions,  and 
appropriate  boundary  conditions,  the  complete  solution  of  Maxwell's  equations  (2.5) 
(l)-(vi),  can  he  obtained  by  integrating  (2.5)  (i),  (ii),  (iv),  (v).  Thus  it  is  enough  to 
work  with  (2.6),  (2.7),  and  it  should  be  noted  that  the  divergence  condition  does  not  have 
any  bearing  on  E^,  it  can  be  Ignored  henceforth. 
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Figure  1.  The  Region  St 


Zt  le  iegportant  to  recaat  the  boundary  condltiona  {t.7),  (U8)  to  that  they  provide 
boundary  conditions  for  (2<6),  (2<7).  We  ask  the  reader  to  consult  Figure  where  the 
region  ■  with  boundary  2r  «  B  Is  shown.  At  a  point  (x,y)  6  B  we  let  ^  “  $(x.y) 
denote  the  unit  exterior  noreial  to  B  and  w«  let  S  "  $(x.y)  denote  the  positively 
oriented  unit  tangent  vector  to  B  there.  With  the  unit  vector  In  the  poeltlve  z 

direction,  S,  (  form  a  positively  oriented  orthogonal  triple  of  unit  vectors.  Given 
an  arbitrary  vector  w  we  can  decoepose  It  as 


V  O  V  s 

Iwl^  • 

V  a  s 


The  tangential  part  of  S,  which  we  have  designated  as  aay  now  be  represented  as 


*t  "  “s^  *  “c® 


and  the  current  3  "  3^  eay  likewise  be  represented  as 


J  ■  j  f  ♦  Jo  . 
T  s  o 


Then 
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H*  UM  th«  syabol  A  for  th«  taplacion: 


I 


^  "  7^  *  7~^ 

ax  ay 


Initially  %»a  taka  H,,  to  lie  in  tha  Sobolav  spaca  H^(R).  mis  spaca  must  ba 


daeoaiposad  in  ordar  to  attach  a  OManing  to 

ma  boundary  condition  for  nay  ba  rawrittan  as 

H,<*.y.t)  •  h(x<y),  <x,y)  68, 

uhara,  by  tha  traca  thaoraa,  h  6  man  wa  can  writs 

A 

“  H^(x,y,t)  +  H^(x,y) 

uhara  H^(x,y)  la  tha  solution  of 

AH^(x,y)  -  0,  H^(x,y)  -  h(x,y),  (x,y)  6  B 


H^(x,y,t)  ■  0,  (x,y)  6  B  . 

aa|  * 

Tha  inaarsa  Laplacian  A  is  wall  daflnad  on  tha  functions  For  B^ 

B,(x,y,t)  -  B^(x,y,t)  ♦ 

idiara  1^,  as  indicatad,  is  constant  with  raspact  to  (x,y)  e  K  and 

/  B  (x,y,t)ds  •  0  . 

B 

•1  * 

It  is  wall  known  that  A  is  wall  daflnad  on  tha  functions  B^. 

WO  praosad  first  on  tha  assumption  that 

A  * 

■  B^(x,y,t),  B,(x,y,t)  ■  B^(x,y,t)  . 

•s  ton  now  solutions  of  (3>A),  <2.71  by  sotting 

"  5t — “s'  ‘  sr " ' 


wa  nay  trrlta 


-1  •*!  -1 

®s  “  IT'  -  ••A 


Wa  than  datamina  6,,  6^,  F^,  Fy,  using  tha  aquations  (2.5)  with  S  raplacing  ^ 
roplaeing  I,  so  that  ^  and  2  satisfy  Haxwall's  aquations i 
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t. 


It  will  than  b«  found  that 


U  “  -curl  F  , 


c  •  curl  G  . 


i  ■  curl  t,  S  “  curl  5  . 


Following  thlSt  (2.3)  can  ba  written  aa 


«(t)  -Vi//  (elcurl  Pl^  *  uleurl  $l^>dxdy 


aF.  2  aF  2  aF  ap.  2 


ac  2  ac  2  ac  ac  2 

“Kar)  ^  Car^  *  (a="  -  ar)  1-*-^ 


(2.16) 


Than  frcai  (2.16)  wa  have 


ap.  2  ap  2  ac.  2 

«(t) -’^// {.[(l^)  *(^)  Mu  5^)] 

,  ac.  2  ac  2  ap.  2 

♦  u((jjp)  ♦  (|^)  +  («  5^)  ]}  *tdy 


»*■_  2  9r_  2 


M|^) 


ac  2  ac  2 

*  ^aT^  (H,)*]dxdy 


.  -  *  ) 


How  conaldar  tha  quadratic  fora  (for  E, 


mawLiim  »-i.  ’j  * ^  ^  "J  *y  J* 


!  ■:■ '  r:  ^  rj  f'.  ipj 


dB 


-1 


a^G 


a^G 


(^,  -A-’  ^)  .  {.  -A-’  -^i) 


TT 


at* 


at 


a^G 


(since  G_  satisfies  the  wave  equation  MC  _  ~  AG 

at^  * 


and  the  boundary  conditions  G^Cx.ytt)  •  0,  (x,y)  6  B)  > 

aG  2  aG  2 

r  (I  ‘ 

lie' 


,  ,  aG  2  aG  2 


Sliailarly 


aw  ,  as.  ,  ar,  2  ar  2^ 

^5r''  1 

ey 


txom  whldi  it  follows  that 


aB. 


8(t)  {(l•e)*[(y|^,  -A  '  -A  ^  5^)1  *  *(*,>*  *  y(H^)^}dxdy  . 

I  I  finite  states  -  a  fact  which  will  be  very  careful  later. 

Xt  is  necessary  to  eodify  this  eiqpression  Cor  general  B,,  ■,.  We  begin  with 

*-(x,y,t)  -  i  (t)  . 

**s 

The  only  possible  solutions  of  the  wave  equation  (2.6)  satisfying  '}^|g  **  A  and  having 
this  fora  are 

■,(*.y.t)  -  og  -t  e^t 

where  eg  and  e^  are  constants.  (Such  solutions  are  consistent  with  a  constant  boundary 
current  J  for  which  1  0.)  The  oorregponding  B^«  By,  are  sero  but 

.  »*.  ^  »"x 

"  •  ?t-  ’  5ir "  IT  * 

Zt  is  not  possible  to  eiqpress  this  quantity  in  teraw  of  B^  itself  or  H^.  It  is  better 

aB 

to  leave  it  in  the  fora  C  Solutions  of  Maxwell's  equations  with  B-  having  this 

**s 

fora  have  energy  expressible  as  a  quadratic  fora  in  B^  and 


an 


as. 


Next  we  consider  H_  >•  H  as  described  earlier.  Such  a  solution  Is  consistent  with  a 
s  z 

boundary  current  for  which  ~  0,  constant  with  respect  to  time  but  possibly  varying 
with  (x.y)  68.  He  may  take  Hy,  all  zero.  However, 

aE^  aH,  aE„  an, 

'  IT  “  ?r'  ‘  at^  ■  "  aT 

so  we  may  not  assume  that  E^  and  Ey  are  equal  to  zero.  The  enerqy  associated  with 

solutions  of  this  type  Is  expressible  In  terms  of 

aH.  2  38.  2 

-(a^)]axdy 

If  Integration  with  respect  to  t  Is  permitted.  In  the  sequel  we  will  not  explicitly 
consider  the  tlizewiae  linear  electric  fields  satisfying  the  above  equations. 

He  see  then  that  a  norm  Involving  only  E^  and  and  coapatlble  with  the  energy 

(2.3)  may  be  expressed  as 

-  ,  ai  9*  .1  *  2  *  2 

«  //  (ue)  -4  1^)  (j;^»  '**z’  * 

R 


(2.17) 


where  Pg,p^,crQ,0,  are  positive  numbers.  It  will  be  seen  that  this  is  a  weaker  norm  than 
the  one  associated  with  a  pair  of  wave  equations,  viz.: 

,  3E  2  aH  2  , 

l(E^,H^)l  -  //  ♦  ]  ♦  IVB^I  +  IVH^I  }dxdy  .  (2.18) 

it  3H 

He  will  denote  the  Hilbert  space  of  states  B_,  H  ,  lying  In  h'(R),  H^(R), 

3  2  * 

L'‘(R),  L'CR),  respectively,  by  H.  This  space  will  be  very  convenient  for  use  In  the 
remainder  of  this  paper.  In  some  cases  we  will  add  boundary  conditions  to  the 
specification  of  R,  the  space  with  norm  I  I,  without  changing  the  symbol,  to  correspond 
to  an  agreed  specification  of  the  states  In  H  by  similar  boundary  conditions. 


3.  SOW  COHTHOL  COMriCUWATIOHg 

W*  deacrib*  h«ra  two  posalbla  reallxatlona  of  tha  control  problea  which  we  have  posed 
and  Indicate  why  we  have  chosen  the  aatheaatically  eore  interesting  (i.a.,  eore  difficult) 
one  to  work  with  in  this  paper.  <  , 

Let  us  aasusM  that  T  >  SQ  •  ■  a  (■«,>) 
is  covered  by  one  or  eore  layers  of  conducting 
bars,  arranged  in  rows  as  shown  in  Finite  3.1. 

In  the  case  of  a  single  layer  of  conducting 
bars  shown  in  Figure  2(b),  the  bars  are  arranged 
so  that  they  sake  an  angle  S.  0  <  |6|  <  ^. 
with  the  vector  0  (cf.  Figure  1).  while  in 

the  double  layer  case  (Figure  2(a))  they  are  Figure  2(a).  Double  Layer  Control 

arranged  so  that  the  bars  in  the  second  layer 
a«ke  an  angle  ^  <  Itl  <  f  with 

the  vector  0.  nie  current  in  any  row  of  bars 
parallel  to  the  s-axis  is  independent  of  s> 
i.e.,  constant  for  all  bars  in  that  row.  As 
we  consider  successively  ssMller  bsrs  we 
obtain,  as  an  idealisation,  the  boundary 
current  vector 

Figure  2(b).  Single  Layer  Control 

}(x,y,t)  •  J(x,y,t)(cos  vS  *■  sin  8^)  (3.1) 

in  the  single  layer  case,  J(x,y,t)  denoting  the  current  strength  with  the  sign  determined 

♦ 

so  that  J  positive  yields  a  positive  current  cos^onent  in  the  o  direction.  The 
corresponding  foranila  in  the  double  layer  case  is 

}(x,y,t>  “  J^(x,y,t)(cos  fo  ♦  sin  8^) 

Jjlx.y.tXcos  t®  nin  •  (3.2) 

The  current  cosipenents  are,  in  the  single  layer  case 

Jgix,y,t)  «  J(x,y,t)cos  8  , 

J^(x,y,t)  “  J(x,y,t)sin  8  , 
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and  in  doable  layer  case^ 

’  Jg(x,y,t)  cos  e  cos  <1  J^(K,y,t) 

-  (3.3) 

.Jj(x»y.t)J  (sine  sin  i|i  j  [  JjCx.y^t)  J  . 

Ths  deterninant  of  tha  natrlx  in  (3.3)  Is  sin  (^  -  6)  ^  0  If  ^  *  9  In  the  range 
0<|8|<j,  0<|i|i|<^.  Thus  in  the  double  layer  case  and  are  independent 

^2  **‘®  indei>endent  while  in  the  single  layer  case  and  are  fixed 

non-sero  Multiples  of  each  other. 

The  double  layer  ease  is  easily  disposed  of  in  the  light  of  earlier  %*or)t  on  boundary 
control  of  the  wave  equation.  Keferring  back  to  (2.10),  (2.11)  we  now  have,  for 
(x,y)  e  B  -  as,  t  e  to,-). 


(x,y,t)  -  0^(x,y,t)  »  cos  6  u^(x,y,t)  +  cos  ♦  U2(x,y,t)  , 


(x,y,t)  -  -0^(x,y,t)  -  -sin  0  tt^(x,y,t)  cos  ^  U2(x,y,t)  , 


aji  ajj 

u^(x,y,t)  -  (x,y,t),  U2{x,y,t)  -  (x,y,t)  . 


Since  and  are  independent  if  u^  and  U2  are,  the  control  problem  splits  into 

two  uncoupled  wave-equation  problems,  one  for  and  one  for  H^.  These  have  been 

discussed  thoroughly  in  (21,  (31,  (151,  (161,  (221,  (23),  (251  with  affirmative 
controllability  results  for  various  control  configurations  and  will  not  concern  us  further 


In  the  remainder  of  this  paper  we  study  the  single  layer  case.  If  w»  let 

u(x,y,t)  -  II  (x,y,t)  ( 

we  now  have  the  wave  equations  (2.6),  (2.7)  for  B^,  and  the  boundary  conditions 


(x,y,t)  -  cos  •  ^  (x,y.t)  5  a  u(x,y,t)  , 
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V 


I 


a 


I 


I 


5 


'*  aj 

~  (x,y,t)  “  -•in  8  -jr  (x,y,t)  =  B  u(x,y,t)  . 


The  control  probleu  for  and  are  now  coupled  because  the  single  control 

function,  u(x,y,t),  appears  in  the  boundary  conditions  for  both  and  we  have  to 

contol  both  systems  sisniltaneously  using  the  same  control  function. 

If  tra  rely  on  experience  in  a  single  space  dimension,  which  has  proved  generally  quite 
helpful  in  the  control  theory  of  a  single  wave  equation,  we  are  led  to  believe  that  systems 
like  (2.6),  (2.7),  (3.5),  (3.6)  nay,  in  fact,  be  controllable.  Replacing  u(x,y,t)  by 
Ug(t),  Uf(t)  and  taking  0  <  x  <  1,  the  one  dimensional  aquations  are,  using  variables 

»t  8x 

(0,t)  -  ouQ(t),  (1,t>  -  BU,(t>  ,  (3.8) 

%2  ,2 

p  — - - -  .  0  (3,9) 

8t*  8x* 


(0,t)  -  -6u„(t),  (l,t)  -  Bu,(t) 


(note  that  ~  ^  corresponds  to  the  exterior  norawl  derivative  at  0] .  Letting 


8t 


(3.10) 


we  find  that 


2^ 

8  V  8  V  „ 

P  — 5 - 5  -  0  , 

8t  8x 


,2~  ,2~ 

8  w  8  w 


8t^  8x^ 


(3.11) 


(3.12) 


(3.13) 


(3.14) 


Differentiating  (3.11)  with  respect  to  t  and  using  (3.8)  we  have 


(3.15) 


-  ^  (O.t)  -  -  (O.t)  «  -  uMt)  . 

P  3^2  p  ax  p  0 


2  ~- 

13v,,  .  13v,.  .  a  ... 

-  — z  (1»t)  =*  -  ^  (1,t)  “  -  u’(t)  , 

P  3j,2  P  ax  pi 


(3.16) 


while  differentiation  of  (3.12)  along  with  (3.10)  yields 


&  (O.t)  -  (O.t)  -  -au*(t)  . 


I^d.t)  -|S(i.t)  .0u;(t)  . 


Combining  (3.13)  with  (3.14),  (3.15),  (3.16),  (3.17),  (3.18),  we  see  that 
Bv+^w,  6v-2%i  both  satisfy  the  wave  equation  and 


|-  (Bv  +  -  w)(0,t)  -  0,  (Bv  ♦  -  w)(1,t)  -  ^  u!(1)  , 
ax  p  ax  p  pi 

(Bv  -  *  w)(0,t)  ■■  -^SS.  uJi(t),  (Bv  -  2  w)(l,t)  ■  0  . 


(3.17) 


(3.18) 


P  0 


ax 


Thus  the  control  problems  for  ^  and  ~  p  both  of  Neumann  type  and  are 

uncoupled.  Affirmative  controllability  results  are  then  available  from  [20],  [21],  [24]. 

If  we  replace  Up(t)  (or  u^(t)  by  0  in  the  above,  then  B v  -  2  ^  Bv  +  2 

will  becoM  cosipletely  uncontrollable  and  our  original  system  must  therefore  be 
uncontrollable.  This  result  at  first  seems  to  predict  failure  for  the  enterprise  which  we 
now  undertake  for  the  two  dimensional  case. 
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4.  APPROXIMATB  BOUWARY  CONTROU.ABILITY 


S -I 


By  a  slnpla  chan9a  of  acala  In  the  t  variable,  and  renaming  of  the  independent 
variables,  we  My  assuM  that  the  system  of  interest  is 


iJI  a^v  ,  a^v 

at2  "  3x2  ,y2  ' 


,2  ,2 

3  w  ^  3  w  ^  3  w 

at2  3x2  jy2  ' 


t  >  0  , 

(*,y)  e  R 


with  boundary  conditions 


(x,y,t)  »  au(x,y,t) 


(x,y,t)  -  Bu(x,y,t) 


t  >  0  , 

(x,y)  e  B  -  3Q 


Me  will  not,  in  general,  assuM  that  u(x,y,t}  can  bo  selected  at  will  for  all  values  of 
(x,y,t)  shown.  More  on  this  later. 

Because  the  syate*  Is  tine  reversible,  it  is  sufficient  to  analyse  controllability  in 
terns  of  control  frost  the  sero  initial  state 


v(x,y,0)  «•  1^  (x,y,0)  -  0 


w(x,y,0)  -  (x,y,0)  -  0 


(x,y)  e  R 


to  a  final  state 


v(x,y,T)  -  Vu(x,y),  (x,y,T)  -  v,(x,y) 


w(x,y,T)  -  Wg(x,y),  (x,y,T)  -  w^<x,y) 


(x,y)  e  R 


We  have  noted  in  Section  2  that  the  I  I-  finite  states  are  dense  in  the  I  I"  finite 


states*  In  the  present  context  this  means  that  we  can  work  with  the  Hilbert  space  of 
9v  3w 

states  V,  w,  ^  with  the  inner  product 


If- 


:)>  (v. 


(4.9) 


a  space  which  we  will  refer  to  as  H.  The  norm  is  i  I  (cf .  (2.13))  with  pe  >  1.  As  we 
have  indicated,  this  is  a  dense  subspace  of  H,  the  Hilbert  space  obtained  by  use  of  the 
norm  I  I  (cf.  (2.17)), 

The  final  states  (4.7),  (4.8)  are  not  quite  arbitrary  in  H  if  the  control  u  is 
restricted  so  that  its  support  is  contained  in  a  proper  relatively  closed  subset  C  B. 
Since  the  condition 

1^  (x,y,t)  -  a  u(x,y,t),  (x,y)  e  B 

applies,  we  may  as  well  adjoin  the  additional  condition 

•*  0*  (x*y)  e  B  -  5  Bo  .  (4.io) 

The  trace  theorem  ((1),  [19])  assures  us  that  this  describes  a  closed  subspace  of  H, 

*  A 

which  we  will  call  .  The  only  restriction  on  is  (4.10)  r  vg  is  permitted  to  have 

arbitrary  values  in  H^'^^(B^)  and  wq,  w^  are  unrestricted  in  H^(B),  H^(K)  L^(K), 

respectively. 

Let  U  be  a  given  space  of  admissible  control  functions,  about  which  we  will  shortly 
have  more  to  say.  For  each  control  u  8  U  we  assume  the  existence  of  a  unique  solution 
^u'  ''u  (4.1)-(4.6)  for  t  >  0,  (x,y)  8  R.  Very  general  sufficient  conditions  for  this 

to  be  the  case  are  given  in  (19).  We  define  the  reachable  set  at  time  T,  R(U,T),  to  be 

3v  3w 

u  u 

the  set  of  all  final  states  v^(x,y,T),  (x,y,T),  w^j(x,y,T),  (x,y,T)  which  may  be 

realised  in  this  way.  The  set  R(U,T)  is  a  subspace  of  if  D  is  a  linear  space, 

which  we  will  assume,  and  our  system  is  approximately  controllable  in  time  T  if  R(U,T) 
la  dense  in  (then  R(U,T)  is  also  dense  in  H  because  II  is  a  weaker  norm  than 

A  “ 

I  I  and  Is  dense  in  H).  Evidently  R(0,T)  is  dense  in  just  in  case,  given  an 
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(4.11) 


arbitrary  state  '”0 '“l  ^  ”l' 

3v  3w  ^  ^  ^  ^ 

(x,y,T),  w^(x,y,T),  (x.y.T) )  j  ( Vg,v  ^  ) )  “  0  , 

u  e  oj  — >  ,Wjj,w^  )  -  0  . 

Let  v{x,y,t),  w(x,y,t)  be  the  unique  solution  of  (4.1),  (4.2)  satisfying  the  terminal 
conditions  at  time  T: 

v(x,y,T)  »  Vg,  (x,y,T)  -  v^,  w(x,y,T)  -  w^,  (x,y,T)  -  ,  (4.12) 

and  the  homogeneous  boundary  conditions 


If 

If 


0 


0 


(x,y)  e  B,  t  >  0  . 


(4. 13) 


(4.14) 


Cosiputing  the  quantity 

~  ((v^(x,y,t),  (x,y,t),  w^(x,y,t),  ^  (x,y,t))  t 

(v(x,y,t),  (x.y.t),  w(x,y,t),  (x,y,t)))  , 

using  familiar  duality  theorems  involving  the  Laplaclan  and  integrating  from  0  to  T 
(see  [22],  [23],  [26]  for  details  in  the  case  of  a  single  wave  equation)  we  see  that 


((v^(**y»T),  ^  (x,y,T),  w^(x,y,T),  ■—  (x,y,T));  ,Wp,w^ )) 

T  3v  3v 

"  /  /  [jf  (*»y«t)  (x,y,t)  +  ^  (x,y,t)  (x,y,t) 

0  B 

3w  3w 

^  {x,y,t)  (x,y,t)  +  ^  (x,y,t)  (x,y,t)]dsdt  .  (4.15) 


Then  using  the  boundary  conditions  (4.3),  (4.4),  (4.13),  (4.14)  we  see  that  the  above 


liv.- 


i 


reduces  to 


/  /  [®  1^  <*.y.t)  +  6 

OB 


3w 


<x,y,t) ]u(x,y,t)d8dt 


(4.16) 


If,  as  discussed  above,  we  suppose  that  B  has  the  disjoint  decomposition 

B  =  Bq  u  B,  , 

with  relatively  open  in  B,  and  that  u(x,y,t)  =  0,  (x,y)  e  Bq  while  on  B^  u  is 


unrestricted  save  for  the  specification  of  the  admissible  space  (e.g.,  we  ml^t  ta)ce 


0  -  C{B^  X  tO,Tl),  U  -  L  (B^  X  [0,T1)  , 


(4.17) 

or  any  of  many  other  possibilities),  and  if  we  suppose  the  first  equation  in  (4.11)  to 
hold,  we  conclude  that  (4.16)  vanishes  for  all  u  6  U.  We  )cnow  from  the  trace  theorem 


(C*],  (191)  that  the  partial  derivatives 


3v  3v  3w  ^ 

8t'  av'  at'  av  ' 


restricted  to  B,  all  lie  in  H^'^^(B)  for  t  6  [0,T1  and  vary,  with  respect  to  the  norm 
in  that  space,  continuously  with  respect  to  t,  l.e.  they  lie  in  C(H^'^^(B)>  [0,T]).  We 
suppose,  as  is  the  case  for  (4.17),  e.g.,  that  0  includes  a  total  subspace  of  the  dual 


space  of  C(H^^^(Bi ) > [0,T] ) .  Then  the  fact  that  (4.17)  is  zero  for  all  u  6  U  in^lies 

(4.18) 


“  (it/y/t)  +  8  (x,y,t)  »  0,  (x,y)  e  B,,  t  e  [o,t] 


We  also  have  (cf.  (4.13),  (4.14)) 


1^  (x,y,t)  =■  Of  (x,y,t)  =  0,  (x,y)  6  B, ,  t  6  [0,T) 


av 


(4.19) 


The  boundary  values  of  v  and  w  are  therefore  overspecified  on  B^  x  (0,T) .  The  proof 
of  approximate  controllability,  where  it  can  be  carried  through,  depends  upon  being  able  to 
use  this  overspecification  to  show  that 

v(x,y,t)  =  0,  w(x,y,t)  =  0,  (x,y)  e  R,  t  6  (0,T]  , 

and  therefore  to  conclude  that  the  implication  (4.11)  is  indeed  valid  so  that  R((I,T)  is 

* 

dense  in  and  hence  in  H.  We  carry  this  argument  out  for  the  case  in  which  R  is  a 

rectangle  and  B^  is  one  of  its  sides  In  Section  5. 
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Following  the  deyelopnent  in  [61  ,  It  nay  be  seen  that  our  system  is  exactly 
*  2 

controllable  In  us-ng  the  control  apace  U  ”  b  (B^  *  [0,T]),  just  in  case 


la 


3v 


0 


3w 

Tt*  2 

"  L'‘(B  x(O.Tl) 


>  Kl(Vj|,v^,Wjj,w^)l. 


(4.20) 


for  some  K  >  0.  In  general  this  is  a  very  difficult  result  to  obtain  but  we  are  able  to 

obtain  exact  controllab.: lity ,  by  other  means,  for  the  case  where  R  is  a  disc  in 

and  B^  B  is  its  boundary,  a  circle.  This  result  is  developed  in  Section  6  where  it 


will  be  seen  that  it  is  heavily  dependent  on  certain  properties  of  the  Bessel  functions. 


✓ 


5.  THE  CASE  R  »  A  RECTANGLE,  Bj  °  ONE  SIDE. 

The  work  here  can  be  carried  out  for  a  rectangle  with  arbitrary  dimensions,  but  all 
essential  ideas  are  contained  in  the  notationally  simpler  case 

R  “  {(x,y)lO  <x<»,  0<y<r} 

to  which  attention  is  restricted  henceforth.  We  will  assume  that  B^,  the  portion  of  the 
boundary  on  which  control  la  exercised,  is  one  side  of  R,  without  loss  of  generality  it 
is  the  set 

Bj  ”  <  y  <  »}  .  (5.1) 

We  consider  then  v,  w  satisfying  (4.1),  (4.2)  in  R  x  (0,T]  for  some  T  >  0,  and  also 
satisfying  boundary  conditions 


1^  (x,y,t)  “Of  1^  (x,y,t)  «  0,  (x,y)  6  B  »  SR,  t  6  [0,Tl 


(5.2) 


«  t*«y»t)  +  B  (».y.t) 


■  «  («,y,t)  +65^  (»,y,t)  -0,  o<y<*,  te  [0,tj 


(5.3) 


We  may  assume  without  loss  of  generality,  since  the  wave  equation  is  time  reversible 
with  either  Dlrichlet  or  Neumann  boundary  conditions,  that  v  and  w  are  extended  to 
satisfy  (4.1),  (4.2)  on  -«•  <  t  <  •  and  that  the  boundary  conditions  (5.2)  hold  for 
(x,y)  e  B,  t  e  (“*•,*)•  We  may  not  assume  that  the  boundary  condition  (5.3)  is  applicable 
beyond  (0,Tl,  however,  if  controls  are  restricted  to  have  support  In  B^  x  (0,Tl .  I«t 
6  >  0  and  let  s(t)  be  an  arbitrary  function  in  c'*( -«•,<»)  with  support  in  (-4,4). 
Define 

v(x,y,t)  «  /  s(t  -  T)v{x,y,T)dT  ,  (5.4) 


<(x,y,t)  -  /  8(t  -  T)w(x,y,T)dT  . 


(5.5) 


Then  v,  w  are  solutions  of  the  wave  equations  (4.1),  (4.2)  satisfying  boundary  conditions 


-23- 


8v  »  « 

—  (x,y,t)  "  0,  —  (x.y.t)  -  0,  (x.y)  e  B  -  SR, 


—  <  t  <  -  ,  (5.6) 


®  '5J  B  (x.yft)  “0,  0  <  y  <  ■,  t  e  [6,  T  -  61  . 


Moreover,  it  can  be  shown  that  v,  w  are  of  class  C  for  (x.y)  e  R,  —  <  t  <  -.  if 

^  A  ^ 

can  show  v  =  0,  w  =  0  for  any  such  choice  of  s,  then  v  =  0,  w  =  0. 
let  us  define,  for  (x.y)  6  R,  -•  <  t  <  *, 


Frosi  (5.7)  we  have 


4(x,y,t)  “  ®  (x.y.t)  ♦  B  1^  (x.y.t) 


♦(x.y.t)  -  0,  0  <  y  <  s,  t  e  (6,  T  -  6] 


Since  a  and  0  are  constants  we  have 


3^4  3% 

— f  -  — y  (x.y)  e  R,  -•  <  t  <  «  . 

at**  ax^  ay^ 


tet  tts  note  that,  since  v  satisfies  the  wave  equation  in  RUB, 


*  rr  ®  jtj; 

9^ 


2*  2* 

“[ — J  (x.y.t)  +  — j  (x.y.t)]  ♦  0  (x.y.t) 

9x  ay 


(5.10) 


(5.11) 


Betting  x  •  «  in  (5.11)  and  differentiating  the  identities  in  (5.6)  with  respect  to  t, 
we  see  that  the  left  hand  side  vanishes.  Then,  comparing  (5.11)  with  (5.8) 

1^  (x.y.t)  »  -a  (x.y.t)  =  o(y),  0<y<x,  6<t<T-6,  (5.12) 

ay 

the  last  identity  being  valid  as  a  consequence  of  the  first  condition  in  (5.6). 

The  two  conditions.  (5.8)  and  (5.12),  satisfied  by  ♦  at  the  boundary  x  ~  r  enable 
us  to  use  Holmgren's  uniqueness  theorem  (see  [5]  or  (13],  e.g.)  in  much  the  same  way  as  It 


g _ 


wjts  used  In  the  proof  of  the  approximate  controllability  of  the  wave  equation  in  [22],  [23] 
to  see  that  if 

T  >  2  +  28  (5.13) 

then  8  must  be  Independent  of  t  for  1>8<t<T-1~8,  i.e. 

8(x,y,t)  “  t(x,y),  {x,y)  eR,  l+5<t<T-1-8.  (5.14) 

Because  v  and  w  satisfy  the  wave  equation  in  R  with  the  honoqeneous  )x>undarY 
conditions  (5.6),  and  are  of  class  C  in  R  U  B,  we  have  C**-  convergent  expansions 


•  “  im.  .t  _ 

r(x,y,t)  "  v.(x,y)  +  J  ^  ^  “^"3^  ' 

lt-1  j-1  ^  ^ 


w(x.y,t)  “  w  ♦  X  I  (w  •  ^  +  w  e  ^  )cos  Itx  cos  jy  , 

”  )t-1  j-1  ^  ^ 


(5.15) 


(5.16) 


still  C*-  convergent  for  (x,y)  SRUB,  '*»<t<*.  Noting  (5.14),  we  see  that  the 
left  hand  side  ta)ces  the  form 

3vg(x,y)  3V|j(x,y) 

4(x,y,t>  -  o  - -  -  4(x,y)  -  o  - -  =  ♦(x,y)  , 

1+8<t<T-1-5.  (5.20) 
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Wa  now  atr*ngth«n  (5.13)  to 


T  >  4  +  26  (5.^1) 

and  we  see  that  the  tlsM  interval  in  (5.14),  (5.20)  has  length  >2,  l.e. 

T  -  1  -  6  -( 1  +  6)  -  T  -  (2  ♦  26)  >  2  .  (5.17) 

Since  the  functions  cos  )(x  are  orthonormal  on  0  <  x  (  «,  we  conclude  from  (5.19), 

(5.20)  that  for  k  •  1,2,3,... 


♦  J  (akVj^jSln  jy  -  ifidlj^^Wj^^coa  jy)e 
2  *  * 

"  —  /  4(x,y)coa  kx  dx  =  1'*-6<t<T“1-6. 


(5.22) 


Classical  results  of  Levinson  and  Schwartz  <(17J,  (27)),  which  have  frequently  been 
used  in  control  studies  of  this  type  (see,  e.g. ,  (12),  (21)),  can  now  be  used  to  show  that 
for  each  fixed  k,  the  exponential  functions 


tim^.t  ±i/ k^+j^  t 
e  -  e  ,  j  »  1,2,3, ...  , 

together  with  the  constant  function  1  are  strongly  independent  in  L^(I)  for  any 

t-interval  I  of  length  >  2.  This  clearly  contradicts  (5.22)  unless  we  have 

♦|^(y)  3  0,  0  <  y  4  w  (5.23) 


and 


okVj^^sin  jy  +  i#*^jWj^^cos  jy  -  0, 

But  then,  since  for  each  j  sin  jy  and  cos  jy 
none  of  a,  k,  0,  are  zero,  we  conclude  that 

^kj  -  »'  «kj  -  0. 

Since  (5.22),  (5.23)  show  that 


04y4v,  j*  1,2,3,...  . 
are  independent  on  0  4  y  4  v 

,...,  j  ■  1,2,3,...  . 


and  since 


(5.24) 


♦(x,y)  -  I  ♦  (y)cos  kx  •  0  , 
k-1  ^ 
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(S.19)  9ives 


aV|j(x,y) 


«(x,y,t)  -  ♦(x.y)  -  a  - - ,  (x,y)  C  R  . 


(5.2S) 


1+«<t<T-1-6 


Notlnq  (S.1S)  and  (5.16)  and  the  fact  that  v(0,y,t)  s  0,  wa  conclude  from  (5.23)  that 


v(x,y,t)  =  Vjj(x,y) 


vr(x,y,t)  S  Wjj  , 


1+«<t<T-1-«. 


(5.26) 


Since  v(x,y<t)  £  Vg(x,y)  ia  a  solution  of  the  wave  equation  with  (cf.  (5.18)) 
Vg(x,y)  -  0,  (x.y)  «  B  -  ((*,y>|0  <  y  <  »} 

it  nust  in  fact  be  a  solution  of  Laplace's  equation  there.  Then  we  compute 


av-  2  3v„  2  ^  iK. 

r  0  ,  .X  .  /  0  ,  ,  .f  0 


^  <*'^0  *  (57"  *  ~~2~ 


/  dlv(Vp(x,y)grad  Vjj(x,y) )dxdy 


■  /  v^(x,y)qrad  Vj,(x,y)*v(x,y)ds  -  /  Vu(»,y)  (*,y)dy  .  (5.27) 


Combining  (5.9)  and  (5.25)  with  the  fact  that  v  satisfies  Laplace's  equation  we  conclude 


froai(S.27)  that 


3v  2  3v  2 

^  f^ajT  faT"  J*****/  "  ° 


and  this,  together  with  (5.18),  implies 


Vg(x,y)  5  0 


(5.28) 


Combining  (5.26)  and  (5.28)  we  conclude  that 


v(x,y,t)  £  0 
w(x,y,t)  =  w 


(x,y)  eR,  --<t<« 


(5.29) 


the  result  for  •<•  <  t  <  ••  being  an  Immediate  consequence  of  the  result  for 
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sine*  thi«  la  trua  for  every  6  >  0  and  every  9(t)  in  (5.4) 
(S.S),  we  conclude  that  a  conparable  result  obtains  for  v,  w  in  (4.11),  (5.2),  (5.3). 
follows  (since  w  •  constant  is  a  sero  state  in  H  and  in  H)  that  (cf,  (4.9)  ff.) 

l(Vg,V^,Wg,W^)l*  -  '(Vg,V^,Wjj,S,)ljj  -  0 

and,  froa  the  discussion  in  Section  4,  the  approximate  controllability  result  follows. 


6.  SOME  EXACT  CONTROLLABILITY  RESULTS  IN  THE  CASE  OF  A  CIRCULAR  CYLINDER 
We  consider  now  the  case  with 

R  -(<x,y)|x^  ♦  <  1}  , 

B  •  3r  -  {<x,y)lx^  ♦  y^  “  1}  . 

With  Introduction  of  the  usual  polar  coordinates  r,6,  the  equations  (4.1),  ( 
become 

3t^  3r^  ^  r^  36^ 

3^w  ^  3^w  ^  Jl^  3w  ^  J_  3^w 
3t^  3r^  ^  r^  36^ 

and  the  boundary  conditions  (4.3),  (4.4)  are  transformed  to 

1^  (1,e,t)  -  ou(9,t)  , 

1^  (1,9,t)  -  9u(e,t)  . 


Writing 


v(r,9,t) 

w(r,0,t) 


u(9,t) 


I  v^(r,t)e  ,  v_^  -  , 

)(>-<• 

I  w,^(r,t)e  ,  w  -  w  , 

){»-<• 

2,  a.(t)e 

)t— -  ' 


4.2)  now 

(6. 

(6.; 

(6.: 

(6.^ 

(6.! 

(6.( 

(6.- 


we  arrive  at  an  Infinite  collection  of  control  problems  in  the  single  space  dimension 


!? 


(1,t)  -  aiu^(t),  —  <  k  <  -  , 


( 1,t)  -  0Uj^(t), 


-  <  k  <  -  . 


(6.n) 


We  will  first  treat  the  equation  (4.1)  with  the  boundary  condition  (4.3)  «diich,  as  we 
have  seen,  reduces  to  the  set  of  problena  (6.8).  (6.10).  -<•  <  k  <  a,  with 


,  .  -  .  *  ...  ike  7  IkO  9v  ,  « 

E(r.e.t)  -  I  z  (r.t)e  «  I  - j- -  e  -  r-  (r.S.t) 


we  have  the  equivalent  first  order  systems 


^  fv  (r.t)^  _  (0  I\/v  (r,t)>  _  ,  rv  (r.t)\ 

at  ^«||(r.t)^  ^L|^,  oJ^*;[(r.t)^  *‘lklU|^(r,t>^ 


(6.12) 


where  Lji^l  Is  the  differential  operator  on  the  rlqht  hand  side  of  (6.8).  The  boundary 


conditions  (6.10)  become 


Sj^d.t)  ■  BU.  (t).  —  <  k  <  • 


(6.13) 


The  eigenvalues  of  the  operator  I'lxj  with  the  corresponding  hooogeneous  t»undary 


condition 


Sfcd.t)  •  0 


*^“lk|.t'  ‘  . 


(6.14) 


where  W||^l  ^  la  the  (-th  positive  zero  of  the  Bessel  function  J||^|(r)  of  order  |k|. 


The  corresponding  vector  eigenfunctions  are 


.♦|k|o<->  ,  ♦ikU'-’  .  -<k<- 


♦|k|,o‘-»  -^Ikl.o'"'''  -<>'<-. 


(6.15) 


«  I 


|k|t  •  |k|l  |kl'  IkI.r"  I  -  1,2,3,... 


The  normalization  coefficients  Aji^l  are  chosen  so  that 


.  (6.16) 


Mkl  ■*•  1 


-  -  <  k  <  ••  , 


(6.17) 


while,  as  may  be  seen  from  [5],  e.g. 


•'*  ’^ik|,l‘“|k|,t> 


(6.18) 


The  state  space  in  which  we  wish  to  work,  for  the  present  at  least,  is  (cf.  (2.18’) 


with  the  inner  product 


H  -  ((^}|v  e  H^W,  z  e  L^(*)} 


((!’)»  (^2))  «  /  <7v,*Vv2  *  z,Z2)dxdy 
1  2  R 


and  associated  norm.  Since  the  i  satisfy  the  homogeneous  boundary  condition  (6.1 


one  easily  sees  that 


.  ^ike  2  _ 


2|k| (|k|  +  1 ),  —  <  k  <  -  , 


(6.19) 


while 


(6.20) 


^\k\.t  ■  ‘“Dcl.t’  '  »  •  1'2'3 . 


/  0,0\  ~ 

Th«  state  (.  g  J  has  sero  norm  in  H.  Nevertheless  we  will  not  neglect  this  component. 

If  V,  V  both  satisfy  the  wave  equation  and  (6.3),  (4.13)  on  3X  with  initial  state 
(4.5)  for  V  we  have  (cf.  (4.16)) 


((I!:;:;?!)'  ^ 


(6.21) 


It  may  be  shown  that  this  result  is  valid  for  all  u  for  which  the  solution  (in  the 
generalised  sense)  v  lies  in  ^  and  varies  continuously  with  respect  to  t.  This  class 
of  controls  a  is  discussed  in  (19)  and  is  )cnown  to  include,  e.g. ,  u  8  C(  (0,T1  »h'^^(B)  ) . 
If  we  assume  given  by  the  R~  convergent  series 


£  I  v.iti 

Ic—  t-1 


a  *  e^*'® 

lu  a  ^’'®  _4a  * 


and  successively  let 


vC,*,t)  _  ge 

t(*,*,t)  0 


^"|lc|,t®|)c|,t® 


i)ce  ' 


*Uc|,t*  ,.g  —  <  )C  <  • 


(6.22) 


for  T  >  0  we  arrive  at  the  equations 


T  2v 

2|lc|(|k|  +  1)v^  q(T)  =  a  /  /  u(6.t)  (1)  e"^’'® 


0  0 


ar 


deat 


a* 


2ifa 


Ifcl.O 


(1)  /  u  (t)dt  , 


(6.23) 


2X 


Ik| 


^  T  2v 

,V.  ,(T)  »  a  /  /  u(d,t)e 

'*  0  0 


iCi) 


(,)  e-'’‘®dedt 


2*a  — Lilli  (1)  /  e 


ar 


Uj^{t)dt  , 


(6.24) 


T  2» 

I  ! 

0  0 


®*|k|,t  ,,,  -lk6^ 

ar 


2Xi|^l^jv’  jj(T)  -  a  /  /  u(0.t)e  (D  e  — dSdt 


2na 


3r 


(1)  /  e 
0 


( t )  dt 


(6.25) 


Thus  the  Dirlchlet  boundary  control  problem  for  (6.8),  (6.10)  is  reduced  to  a  moment 
problem  (6.23),  (6.24),  (6.25)  for  which  U);(t)  must  be  a  solution.  He  proceed  in  much 
the  same  way  with  the  Neumann  boundary  control  problem  for  (6.9),  (6.11).  We  let 


C(r,0,t)  -  I  Ct(r,t)e 

k-  - 


lk9 


”  ike  aw. 

I  . at  -  ° 


and  obtain,  in  place  of  (6.12), 


a  fw.  (r,t)l  .  rO  lyw.  (r,t)'>  _  „  fv.  (r.t)') 
?t^c|;(r,t)^  oH^>'{r,t)J  "|k|'-rJ(r,t)J 


(6.26) 


The  boundary  conditions  are  now 


^  (1,t)  -  Bu^(t).  —  <  k  < 


The  eigenvalues  of  Miui  with  the  corresponding  homogeneous  boundary  condition 


are,  for  k  •  0 


0,  ±lv 


0,1' 


I  -  1,2,3,. 


where  Vg  ^  la  the  t-th  zero  of  the  differentiated  Bessel  function,  j^(r),  of 
0,  and,  for  k  ^  0, 

*^''|k|,l'  ‘-’'2,3 . 

where  ^  is  the  l-th  zero  of  J^(r)-  In  the  case  k  *  0  the  eigenvalue  0 
multiplicity.  The  special  solutions  taking  the  place  of  (6.22)  In  this  case  are 


>'00 


w(»,*,t)  ' 

*00 

(t  -  T)*^J 

CC'.'.t) 

.  0  . 

9 

o 

o 

:f.  (6.16)) 

,’  2 

1 

^  1 

/  ’^*00 

0 

dr  ■ 

2*' 

X  e  Q  e 

^00  “  • 

/w 

In  all  of  the  other  cases  the  vector  eigenfunctions  take  the  form 
,  ♦ikl  , 

(tlv  ;  (r))'  ‘  -  ’'2,3,, 


where 


*|k|,l‘’'’  “  ®lk|,t'^|k|‘''|k|,t''’'  t  -  1,2,3,.'..  , 


the  normalization  coefficients 


selected  so  that 


/  j(r)|  dr  -  ^ 


order 


has  double 


(6.27) 


(6.28) 


The  corresponding  special  solutions  of  the  homogeneous  equation  are 


ik9 


'•’ikl,!* 


-^'’|k|,t<'|k|.£* 


(6.29) 


As  In  (6.20)  It  may  be  seen  that 


■  “"‘I-' ' 


Let  w  satisfy  the  wave  equation  and  (6.4)  with  w(x,y,0)  =  0,  C(x,y.O) 
1^  (x,y,0)  =  0  in  R.  We  expand  (”)  in  the  form 


^  J  ^  ''k  t‘ 

K— .  t-1 


*  e^’'®  *  e^’'® 

*|k|,t*  ♦|kH« 

4  j.  k,t'  .  .  ik9 

^'’|k|.t'*’|k|,t*  ■^''|k|,i*|k|,«® 


If  w  satisfies  the  wave  equation  and  the  homogeneous  boundary  condition  (cf.  (4.14)) 

1^  (x,y.t)  -  0,  (x,y)  e  B,  t  >  0  , 

we  find  (cf.  (4.16),  (6.21))  that 


(6.30) 


Employing  (6.29),  (6.3)  successively  for  (~)  we  arrive  at  the  equations,  for 


—  <  k  <  -,  t  -  1,2,3,..., 


.  T  2*  #<T-t)  _..fl 

_  T  iv,  I  t(T-t) 

“  ^<,,^1  j(1)  /  e  '  u^(t)dt  . 


|.lVl‘^>  =  -®  I  I  "'®'"”'’|.|.l" 


•i'’i,.l  .(T-t)  _  . 

'  'hi,.'"'  ■““ 


_  T  -iV  ,  j(T-t) 


We  find  also,  taking  (~)  In  the  second  form  given  In  (6.27),  that 


T  2»  _  _  T 

Coo(T)  ~  ^  I  I  “<8.t)*Qgdedt  -  2S61.QQ  /  UQ(t)dt 


Since  this  nast  be  true  for  all  T  and  ^  have  also 


’»00<’'»  “  ^Btoo  /  (T  -  t)Uo(t)dt 


since  Ji|j^l  j  '  (6.31),  (6.32)  become 


Taking  account  of  the  fact  that 


*»lkl.l 


-  “1..I 


|k|,t''|k|,l  ir  '"Ikl,! 


(6.24)  and  (6.25)  yield 


(6.31) 


(6.32) 


(6.33) 


(6.34) 


V,.,  ,  .  _  T  iv..,  ,(T-t) 

-liH  *1.1, 

T  iV,  ,  (T-t) 

“  ■lul  #>  /  •  *  U  (t)dt 

|k|fi  |k|ft  |k|f£  Q  k 

W,  ,  .  T  -iV|.  I  ,(T-t) 

I  **  I  f  ■  w**  (T)  --B  J  (V  )fe  II'  ^  (t)dt  . 

t6i  k,t*  |k|,t  |k|,l  |k|,t  i  . 


(6.35) 


.  ^  ■v ,  .  •. 


u  (t)dt 
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(6.37) 


.iy'..ri  V  (T)  -  A  - )  f  e 

wa  k,t'  IkM  3r  Ikl.t'  ^ 


v-  .,T,  -  A 


«a  k,t 


’•■uf..  -“hi,*"-" 

llcl,t  ar  “ui.l*  I 


(6.38) 


On  t)ie  ot)t«r  hand 


3* 


ikJLO 


so  (6.23)  gives 


Ikl  >  I 
«a 


“  *|k|.0  / 


(6.39) 


08ln$  the  forsula  (6.18)  and  (6.28)  for  jj  ®|k|  £  '**  have 
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t(T, 
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Uj^(t)dt 
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Ikl.t 
wa  '  k 


t(T)  - 

'*  /w  0 


e  U|^(t)dt 


(6.43) 


The  equations  (6.39)  beconw,  in  view  of  (6.17), 


/i  /DtKUl  ■»•  1) 


wa 


'k.o"’  ■  ^  I 


(6.44) 


This  is  valid,  but  meaningless,  for  k  -  0.  It  is  easy  to  see  that  in  the  case  k  «  0  we 


•hould  UM 


a 


-r-  ^  ‘\<t)dt  . 

/«  a  0 


(6.45) 


Th«  «quatlons  (6.33)  and  (6.34)  are  left  as  t)iey  appear.  We  note  that  all  of  the 


coefficients 


,  A  K.O.  2.8 


(6.45) 


are  bounded  away  froa  zero,  unlforaly  with  respect  to  )c. 


It  Is  also  possible  to  show,  using  the  wor)c  [10],  (11]  of  K.  D.  Grahae,  that  the 


nuabers 


“*  ''l)cl,1'  "|)c|,1'  '’|)t|,2'  “|)c|,2 . ''ikI.J* 


are  separated  by  a  gap  at  least  equal  to  «/2  again  uniformly  with  respect  to  k. 

Applying  the  result  (14]  of  A.  E.  tnghaa  along  with  the  work  of  Duff In  and  Schaeffer  [7], 
much  as  In  (12],  [2],  (31,  we  conclude  the  existence  of  functions  Uj^lt)  In  t.*(0,T],  for 
any  fixed  T  >  4,  solving  the  above  monent  problems,  —  <  lc  <  •.  Moreover,  the  result  of 
Inghea  laplles  as  explained  In  [12],  (26],  that  for  each  k 

c"^*  <  /*  |u^(t)|^dt  <  c\ 


-  2|k|(|k|  +  ’)|v^  g(T)|* 


^  J,  "iki.f'-k.i'”'  \l^  ‘•ikhi'-k,**’'*' 

2  2 

k  -  t1,±2,...  .  For  k  -  0  we  must  add  *  •''nn^'^*'  •  Sine* 


T  2w  •  T  , 

/  /  |u(e,t)|  dSdt  -  I  /  !u  (t)|  dt 

0  0  k— •  0 


trv' 


my"  -  ^  •  *'*a  •*  »  a  •*»  •*  * 


(6.46) 


we  see  that  the  above  moment  problems,  equivalent  to  the  control  problem,  can  be  solved 
with  (6.46)  finite,  provided  that 


which  is  the  same  as  saylnq  that  the  norm  of  the  final  state  in  H  should  be  finite.  He 
have,  then,  the  exact  controllability  result  that  any  H  state  may  be  controlled  to  any 
other  H  state  during  a  time  interval  of  length  T  >  4  with  the  control  configuration  we 
have  described  here.  As  discussed  in  connection  with  the  wave  equation  in  [FF] ,  [(>6] ,  one 
cannot  be  sure  that  the  state  of  the  system  remains  in  N  for  all  t  e  [0,T].  However,  in 
the  present  case  of  the  Maxwell  equations  one  can  show  that  these  states  do  lie  in 


•  -.Tl  .-V  . 


'  V  H.- 


■ 


7.  COWCLODING  REMARKS 

Th«  approxiaate  controllability  results  of  Section  5  trould  appear  to  be  extendable  to 
domains  other  than  rectangular  ones  but  the  precise  method  of  extension  remains  to  be 
worked  out.  He  will  Indicate  some  aspects  of  this  problem  which  are  clear  from  our  current 
work. 

First  of  all,  the  result  of  Section  S  is  alotoat  trivially  extended  to  the  case  where 
control  Is  exercised  only  on  a  subset  ((■,y)tO  <  a  <  y  <  b  <  «},  b  >  a,  of 
{(*,y)|0  <  y  <  «}.  The  only  change  Is  that  the  Interval  1'«'fi<t<T-1-6  appearing 
In  (5.14)  and  subsequently  must  be  modified  to  d'*'4<t<T-d-6  where 

d  “  inf  {  sup  {[(«  -  C)^  +  (h  -  • 

a<y<b  0<e<« 

o<n<* 

If  ♦(k,y,t)  3  (*»y,t)  3  0  for  4<t<T-4,  a<y<b,  the  Holmgren  theorem  will 

Still  apply  to  show  that  f(x,y,t)  3  0,  (x,y)  CR,  d't4<t<T-d-6.  After  that  the 

remainder  of  the  proof  Is  the  samet  the  same  eigenfunctions  and  frequencies  must  be  dealt 
with,  the  functions  sin  jy,  cos  jy  are  still  independent  on  a<y4b  if  b>a  and 
the  conditions 

Vjj{x,y)  ~  0,  (x,y)  e  B  -  ((*,y)|a  <  y  <  b} 

A 

3V|j 

iT  <  y  <  »>  , 

A 

Still  Show  Vg(x,y)  30  in  R. 

The  first  limitation  of  the  method  which  we  have  used  in  Section  5  lies  in  its 
dependence  on  the  construction  of  t(x,y,t)  as  a  linear  combination  of  partial  derivatives 
of  V  and  w.  it  Is  necessary  to  have  a  solution  of  the  wave  equation  to  which  Holmgren's 
theorem  may  be  applied.  This  part  of  the  proof  can  still  be  used  for  non-rectangular 
dooMlns  as  long  as  a  portion  of  the  boundary  on  whld^  control  is  applied  Is  a  straight  line 
segmant.  Assuming  the  segment  parallel  to  the  y-axis,  one  can  construct  ^  by  the  formula 
(5.8)  again  and  show  that  f  and  both  vanish  on  the  straight  line  segment  In 

question,  allowing  subsequent  application  of  the  Holmgren  theorem  to  show  ^(x,y,t)  =  0 
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for  (x,y)  e  R  and  t  In  some  Interval  d'*-4<t<T-d-6,  with  d  depending  on  the 

geometry  of  R.  But  then  we  are  faced  with  a  second  limitation. 

The  second  limitation  of  the  method  which  we  have  used  lies  In  Its  reliance  on  the 

specific  form  of  the  eigenfunctions  and  frequencies  to  pass  from  4(x,y,t)  S  0  to  the 
*  * 

conclusion  that  both  v(x,y,t)  and  w(x,y,t)  are  likewise  Identically  sero.  It  needs  to 
be  emphasised  that  no  local  analysis  will  suffice  here.  In  the  one  dimensional  case  (see 
our  remarks  at  the  end  of  Section  3)  If  the  control  problem  Is  stated  for  boundary 


conditions 


v(0,t)  -  0,  (1,t)  -  ou(t) 


1^  (O.t)  -  0,  |S  (1,t)  -  0u(t) 


the  V.  w  constructed  as  In  Section  4  will  satisfy  the  wave  equation  and 


v(0,t)  “  0,  (1,t)  -  0  , 


(O.t)  “  <^t)  -  0  , 


o  (i,t)  +  e  (i,t)  =  ♦d.t)  -  0 


Hare  If  we  take  w  to  be  a  non-zero  solution  of  the  wave  equation  satisfying  (7.4)  and 


v(x,t)  -  “  I  /*  (e,t)d£ 


we  clearly  have  v(0,t)  •  0, 


9v  B  9^ 

jT  -  M  ^  (C,t)d5 

*  0  3t* 


P  f  3  w 


-  r  /  ^  (e,t)dC  -  I  fl?  (O.t)  -  I?  (l.t)l  -  0  . 


(x.t)  -  - 


a  X  ,3~ 

I  /  ^  (C,t)dC 

0  at 


0  a^w 


ao  that  V  aatlaflaa  the  wave  equation  and«  clearly,  (7.5)  Is  also  satisfied.  Thus  the 

wave  equation  with  (7.1),  (7.2)  is  not  approxlaiately  controllable)  0(x,t)  E 

3v  dw  **• 

a  ^  (x,t)  0  (x,t)  E  0  but  this  does  not  iaq^ly  that  v  or  w  are  identically  equal 

to  sero.  The  additional  condition  which  BM)ces  this  work  in  (3.7)  tf.  la  the  fact  that  one 


can  show  there  that 


-«  (0,t)  ♦  B  (0,t)  -  0  . 


Xt  seesH  likely  that  the  question  of  whether  or  not  0*0  ii^lies  that  both  v  and  w, 

A*  A« 

equivalently  v  and  w,  are  both  zero  must  eventually  reduce  to  a  Isoundary  value  problem 
of  an  as  yet  unidentified  type. 

At  the  present  writing  there  is  only  one,  rather  curious,  result  which  we  can  offer 
whlcfi  yields  approximate  controllability  for  a  domain  it  of  rather  general  shape.  He 
suppose  that  the  "control  ttoundary"  B  *  3lt  includes  two  nonparallel  line  segments, 

and  tj,  with  unit  exterior  normals  and  Wj,  Proceeding  as  before  we  can  show, 

applying  the  Holmgren  theorem  together  with 


H  ■  0  on  t,,  tj 


-  0,  i  -  1,2  on  tj,  respectively. 


3v  3w 

o  ®  It  "  ^  *1'  *2  respectively. 


that  both 


.  0v  ^  .  9w 

♦i  “  *  jj:  ®  It ' 


vv. V ■«* if'.y*.  •  "1 


must  vanish  identically  in  R  for  d+{<t<T-d-S,  6>0  arbitrary,  d  >  0 

depending  on  the  geometry  of  R  and  B,  the  location  of  and  within  B,  etc. 

But  then  both  and  must  vanish  on  (say)  for  these  values  of  t.  Subtracting 

(7.6)  from  (7.7)  we  see  that 

a{|^  -  1^)  -  0  on  t^x[d  +  6,T-d-6] 

This  shows,  since  and  are  not  parallel,  that  a  nontangentlal  derivative  of  v 

vanishes  on  l^>‘[d  +  6,T-d-41.  Combining  this  with  ^  “0  on  and  applying 

the  Holmgren  theorem  to  v  alone,  much  as  in  (51,  [13],  we  are  able  to  conclude  v  i  0, 

A 

provided  T  is  appropriately  large.  Then  one  easily  has  the  same  result  for  w  and 
approximate  controllability  follows. 

This  result  gives  approximate  controllability  for  R  equal  to  the  interior  of  any 
closed  polyhedron  in  R  with  control'  on  at  least  two  sides. 

Further  inspection  of  this  argument  shows  that  only  needs  to  Ise  assumed  to  be  a 

line  segment.  That  is  needed  in  order  to  identify  *  solution  of  the  wave 

equation.  We  may  then  take  to  be  any  smooth  portion  of  which  is  never  parallel 

to  and  achieve  the  same  result. 

Finally,  let  us  indicate  that  we  are  very  much  aware  of  the  limitations,  from  the 
point  of  view  of  actual  implementation,  of  the  control  configuration  discussed  in  this 
paper.  In  principle,  at  least,  the  boundary  conditions  (1.7),  (1.8),  along  with  the 
further  "single  layer"  condition  discussed  in  connection  with  Figure  3.1,  could  be  achieved 
with  conducting  bars  attached  to  terminals  as  shown  in  Figure  3. 


Figure  3.  Conducting  Bar  and  Busses 

The  perfectly  conducting  busses  perpendicular  to  the  boundary  of  Q  ensure  that  the  normal 
cosq^nent  of  is  sero  just  outside  Q,  provided  that  no  net  change  is  allowed  to 

accumulate  at  the  boundary  of  ()>  i«e>,  in  the  conducting  bar.  Thus  the  potentials  at 

C  and  0  must  be  regulated  so  that  the  potential  difference  C  -  D  ensures  the  correct 
controlling  current  through  the  surface  bar  B  while  C  D  is  set  so  that  there  is  no 
accumulation  of  charge  at  the  bounding  surface. 

We  have  not  considered  any  effects  of  propagation  delays  in  the  controlling  circuits  - 
i.e.,  we  have  not  assus<ed  that  these  are  distributed  parameter  systems.  This  assuaption, 
and  evident  limitations  on  the  speed  with  %ihich  prescribed  currents  can  be  computed  and 
established  in  the  controlling  circuits  together  with  sensing  limitations,  place  admittedly 
severe  limitations  on  what  can  be  done  "open  loop".  It  is  lively  that  the  eventual 
significance  of  our  results  will  be  Dioat  evident  in  connection  with  closed  loop  behavior 
wherein  time  varying  Mgnetic  fields  S  near  the  boundary  of  Q  induce  currents  in  the 
bars  B  «rhich,  being  resistive,  will  then  act  as  energy  disslpators.  we  hope  to  discuss 
this  topic  in  later  work. 
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Another  control  configuration  nay  be  obtained  by  supposing  the  boundary  of  SI  to  be 


perfectly  conducting  sheet  of  laaterlal  to  which  electromagnets  are  attached  In  a  dense 
array  as  shown  In  Figure  4 . 


Figure  4.  Electromagnet  Array 


If  J  denotes  the  current  through  the  windings  of  the  electromagnets,  then  we  shall  have 


♦ 


0 


and 


-  OJ 

where  a  Is  dependent  on  the  electromagnet's  configuration.  The  theory  In  this  case  will 


take  such  the  same  form  as  the  one  discussed  In  this  paper 
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We  present  here  a  class  of  realizations  {Tp}  of  the  dual  space  ♦'  for 
the  Paley-Wlener  (Hilbert)  space  ♦  of  entire  functions.  The  elements  of  each 
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1 .  Introduction  and  Statement  of  Principal  Results. 

It  Is  well  known  that  certain  families  of  entire  functions  may  be  given  a 
Hilbert  space  structure.  (See,  In  particular,  the  extensive  work  [A]  of 
de  Branges  In  this  connection.)  The  most  familiar  of  these  spaces  la  the 
so-called  "Faley-Wlener  space",  which  we  here  designate  as  It  consists  of 

entire  functions  ^(z)  "  ^(C+ln)  with  the  following  properties:  For  each 
^  e  4 

(1)  there  exists  a  positive  number,  such  that 

|♦(x)  I  <  M^e’'l  ^1,  X  -  C+ln  e  C;  (1.1) 

(11)  there  exists  a  positive  number,  N^,  such  that  for  every  real  ^ 

i*|  ♦(C+ln)|  2dT,  <  N^e^n  .  (1.2) 

An  inner  product  and  norm  for  this  space  are  described  in  [A]  and  that  norm  Is 
equivalent  to  the  norms  which  we  will  Introduce  at  the  beginning  of  Section  2. 

One  of  the  purposes  of  this  article  Is  to  Introduce  a  space  (actually,  a 
class  of  spaces),  Y,  of  analytic  functions  Y  "  Y(z)  having  singularities 
confined  to  a  vertical  strip  In  the  complex  plane  r  ,  and  serving  as  a 

natural  representation  of  Y',  the  dual  space  to  Y.  The  main  Interest  centers 
on  ^  e  f  which  are  meromorphlc  with  poles  confined  to  such  a  strip.  The  rela¬ 
tionship  between  Y  and  T  Is  somewhat  similar  to  the  duality  relationship 

^  2 
between  paired  spaces.  If  we  define  the  left  and  right  Hardy  spaces  Gq 

and  Hq  to  consist  of  functions  g(z),  h(z),  analytic  In  Re(z)  <  a, 

Re(z)  >  o,  respectively,  bounded  In  sets  Re(z)  <  o-e,  Re(z)  >  ot-e,  respec¬ 
tively,  and  satisfying  uniform  bounds 
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j“|  g(5+in)  I  ^dn  <  B  ,  5  <  o. 


j“|  h(?+ln)  I  ^dn  <  c^,  C  >  o, 

then  (see,  e.g.,  [B])  g  and  h  have  traces  on  the  line  Re(z)  =  C  =  a 

and  the  duality  relationship 

<g,h>  =  J  g(ori-ln)h(ct+'ln)dn 

2  2 

may  be  used  to  define  all  linear  functionals  on  or  Hq,  each  of  these 

spaces  being  a  natural  representation  of  the  dual  space  of  the  other.  We  will 
have  more  to  say  about  this  In  Section  3. 

Just  as  In  the  case  of  the  Paley-Wlener  space  and  the  other,  related,  spa¬ 
ces  described  by  de  Branges,  the  spaces  T  which  we  Introduce  as  dual  spaces  to 
♦  are  Intimately  connected  with  certain  entire  functions  p(z)  which  "just 
fall"  to  lie  In  #;  p  does  not  belong  to  4  but  If  z  Is  one  of  the  zeros  of 
P»  p(z)/(z-"z)  does  belong  to  4.  We  call  such  a  function  a  cardinal  function. 
The  precise  definition  of  a  cardinal  function  operative  In  this  paper  Is  the 
following:  an  entire  function  of  order  1  and  type  n,  p(z).  Is  a  (regular) 
cardinal  function  If  there  cuclst  H^,  H~,  a,  all  positive,  such  that,  for  all 


z  -  C+ln, 


I  p(e+ln)  I  <  M^e  *  I  ^  I 


(1.3) 


I  p(C+ln)  I  >  M"e  I  ^  I  ,  I  >  a.  (1.4) 

If  p  Is  a  cardinal  function,  the  space  of  meromorphlc  functions 

▼  -  {♦!  ♦(*)  ■  ♦(z)/p(z),  ♦  e  4} 

P 

is  shown  to  be  a  natural  representation  of  the  dual  space  4'.  With  Zp  being 
the  set  of  zeros  of  p,  one  sees  that  the  meromorphlc  functions  4  c  'Cp  have 
partial  fraction  decompositions  analogous  to 
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♦U)  - 1  -| 

CeZp  ^  ^ 

(with  suitable  modifications  In  the  case  of  multiple  zeros)  which  are  related. 


In  much  the  same  manner  as  described  by  Schwartz  In  [C] ,  to  exponential  bases 


'p  -  '*'“1  %  '  ^p> 

for  the  space  L^[-x,x].  We  are  able  In  this  way,  to  describe  certain  Rlesz 
bases  and  "uniform  decompositions"  of  L^[~XtX],  using  properties  of  p 
somewhat  different  from  the  assumptions  on  the  growth  and  spacing  of  Its  zeros 
appearing  In  the  classical  work  of  Paley  and  Wiener  [D] ,  Levinson  [E]  and 
Schwartz  [C] ,  or  In  more  recent  treatments,  such  as  Duffln  and  Schaeffer  [F] 
and  Young  [G]  . 


4  and  T  as  Spaces  of  Fourier  and  Laplace  Transforms. 


The  linear  vector  space,  4,  of  entire  functions  satisfying  (1.1)  and 
(1.2)  coincides,  as  is  well  known,  with  the  set  of  Fourier  transforms 


Hz)  -  i  eztf(t)dt  =  (Ff)(z) 


(2.1) 


corresponding  to  functions  f  e  L^[-ir,ir].  The  Inverse  relationship  Is 

1  5+lA  —1 

f(t)  -  l.l.m.^  }  e  ^^Hz)dz  =  (F  S)(t), 


(2.2) 


the  Integration  taking  place  over  the  straight  line  segment  joining  the  two 
Integration  limits.  The  Plancherel  formula 

shows  that  (2.1)  and  (2.2)  are  each  positive  scalar  multiples  of  an  Isometry  on 
l2(-«»,<»),  the  notation  ♦(!•)  indicating  the  restriction  of  ^  to  the  Imagi¬ 


nary  axis.  From 


♦(5+in)  -  j’  g(5+in)t 

-Tt 


It  Is  easy  to  see  that  for  each  real  K 


e  l♦(i.)l  .-v  <  ri  ♦(e+in)  I  ^dn 

^  —  (2.3) 

<  e  ^’1  ^1  IKIOI  l2(-..-) 

from  which  It  follows  that  each  of  the  norms  I  Ip  defined  by 

J  -  A  I  ♦(P+in)  I  ^  +1  ♦(-p+in)  I  ^)dn 
.  J  )♦<.)!  ^|dzj  -  . 

‘P  P' 

Fp  being  the  contour  consisting  of  Re  z  -  p,  oriented  upwards,  and 

Re  z  "  -p,  oriented  downwards.  Is  equivalent  to  l^(l*)l.2/_  \*  Much  of  our 

L  v~**»**/ 


work,  depends  upon  being  able  to  vary  at  will  the  particular  value  of  p  being 


using  for  I  Ip,  secure  in  the  knowledge  that  the  resultant  topology  remains 
invariant. 

Let  ?  denote  a  certain  family  of  functions  analytic  in  |  Re(z)  |  >  a 

for  some  a  >  0  which  may  depend  on  i|).  With  Fp  as  already  defined,  p  >  a, 
we  specify  V  precisely  as  consisting  of  such  functions  for  which  the  iden¬ 
tity 

"  2^  ^ |Re(z)|  >  p,  (2.4) 

*^P 

is  satisfied,  and,  also  for  every  p  >  ^  >  a 

Jp  )  ♦(z)  I  ^  I  dz  I  <  N  ,  (2.5) 

P 

where  *  positive  number  depending  on  It  is  quite  straightforward  to 

see  that  a  sufficient  condition  for  a  function  i|»,  satisfying  the  second  con¬ 
dition,  (2.5),  to  also  satisfy  the  first  condition,  (2.4),  is  that]  \|>(z)  | 
should  be  bounded  in  |  Re(z)  |  >  p  for  every  p  >  a  and,  again  for  every 
P  >  a. 


11.  j  teiii  .  11.  j  .  0, 

f  +  —  p— Z  —  p— z 

Cr,p  ‘'r,-p 

where  C^^p,  Cj,^_p  are,  respectively,  the  right  anld  left  hand  semicircles  of 
radius  r  centered  at  the  points  z  -  p,  z  -  -p,  respectively. 


Proposition  1.1.  Corresponding  to  each  'p  (and  associated  a^)  ^  T  there  is 
a  unique  function  g  e  L^p  (-«•,*),  p  >  a,  where 

Lp(— ,-)  -  {g  e  I  il  ^  N  I  ^ 

and  ♦  ■  g,  the  "two-sided  "  Laplace  transform  of  g,  ^  the  sense  that 
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Kz)  ”  (£g)(z)  “  J  e  g(t)dt,  Re(z)  >  a, 

0 

0  -zt 

”  -j  e  g(t)dt,  Re(z)  <  -a. 

Moreover,  for  each  g  e  4>(z)  ”  (J^g)(z)  e  7. 


(2.7) 


(2.8) 


Proof .  This  Is  quite  standard,  so  we  will  be  brief.  Symmetry  allows  us  to 

consider  only  the  t  >  0  part  of  (2.6)  and  the  first  Identity  (2.7).  Given 

t  e  T,  we  define  g  e  L^[o»“)  Laplace  Inversion  formula  on  the 

line  Ile(z)  ■  P,  p  >  a,  and  application  of  the  Plancherel  Theorem.  On  the 

other  hand.  If  g  e  L^[0,«»)  and  we  define  \|»(z)  “  (JEg)(z)  by  (2.7)  for 

P 

Re(z)  >  a,  application  of  the  Plancherel  Theorem  again  establishes  (2.5),  Inso¬ 
far  as  the  portion  rt  =  {z  I  Re(z)  -  p}  Is  concerned,  for  p  >  a.  For 


p  >  0  >  a,  application  of  (2.7)  readily  shows  that 


♦(z) 


,  Re(z)  >  p. 


(2.9) 


Let  denote  the  positively  oriented  D-shaped  contour  consisting  of 

as  defined  earlier,  and  {z  |  Re(z)  “  p,  j  Im(z)  |  <  r}.  If  Re(w)  >  p,  then 


for  sufficiently  large  r 


_l__  I  »(z)dz 
2vl  w-z 


(2.10) 


For  z  -  p  +  re^®,  -Tr/2  <  9  <  w/2, 

1  _  _ 1 _  _  _ I _ 

Re(z)  -  Re(z)  -  p  +  (p-fi)  ”  r  cos  9  +  (p-?) 

Is  bounded  and  tends  uniformly  to  zero  as  r-*-*  each  sector 

”»/2  +  6  <  9  <  ir/2  -  5,  6  >  0.  Using  (+)  together  with  the  fact  that 

I  I  ^  ”  ®(r  uniformly  on  C^^p  as  r  “j  *-p  j  tends  to  «>,  the  Integral 

over  Cj^p  Is  seen  to  vanish  as  r+«  and  (2.4)  follows  from  (2.10),  the 


convergence  of  the  Integral  in  (2.4)  again  guaranteed  by  the  Plancherel  Theorem. 
The  proof  for  Re(w)  <  -a  Is  almost  word  for  word  the  same  so  we  will  regard 
the  proposition  as  proved. 


For  g  e  L^[o,o),  p  >  a,  the  usual  Laplace  inversion  formula  shows  that 

1  .P+iA 

g(t)  -  l.i.m.  }  e  \|»(2)dz. 

A-H»  p-lA 

For  t  <  0  a  standard  argument  shows  that  the  integral  vanishes.  For 
g  e  l2(-»,o]  we  have,  for  -p  <  -a, 

1  -p+iA  -f. 

g(t)  -  l.i.m.  j  e 

A-*'*  -p-lA 

and  the  Integral  vanishes  for  t  >  0.  Thus,  letting 

r  -  r  n  {z|  llm(z)|  <  A}  (2.11) 

P,A  p  ■  ' 

we  may  write 


g(t)  -  l.i.m.  J  e*S(*)dz.  (2.12) 

A-*-  p,A 

Let  p  be  a  cardinal  function  as  defined  in  Section  1.  We  define  7p  to 
be  the  subspace  of  7  consisting  of  functions  i|>  such  that 

♦(z)  ■  p(z)ij»(z)  (2.13) 

is  an  entire  function  and  the  identity 


♦(z) 


1  I  1(0  .. 

2Tri  Jr  C-z 
P 


is  valid  for  all  z  in  the  open  strip  interior  to  Tp,  p  >  a  as  defined  for 
p  in  (1.4). 


The  results  which  we  present  next  concern  the  structure  of  7p  as  it  rela 
tea  to  *  and  the  cardinal  function  p. 


Theorem  2.2.  Let  ^  e  ♦,  let  p  a^  cardinal  function,  and  let  o  ^  as 
specified  in  (1.4).  Define 
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(p"U)(z)  =  <Kz)/p(z)  H  Kz).  (2.15) 

Then  y  e  and  for  every  p  >  a  there  Is  a  positive  Pp  such  that 


jj.  I  \^\dz\  <1^ 

p 


(2.16) 


Proof.  Let  p  >  a  and  let  |  Re(z)  |  >  p.  Looking  at  Re(z)  >  p  first,  we 
have 

r,P 

where  r^,p  is  defined  as  in  the  proof  of  Proposition  1.1.  Let  ♦(z)  -  (  f)(z) 
as  in  (2.1).  Then  with  z  ■  C+in 

2  .  25t  .  .,.2 


1  ,  2ir5  ,,.2 

so  that 

I  Kz)  I  <  e’^l  ^1  /(I  +1  5|  )^^^, 

with  depending  only  on  not  z.  Using  this  with  property  (1.4)  of  p 

and  applying  the  Jordan  lenuna  we  see  that 

KO 


lim  J, 


r.P 


so  that 


-L.  r  .  liSi 


P 


For  Re(z)  >  p  >  o  the  corresponding  integral  over  Tp,  the  left  hand  portion 
of  Fp,  oriented  downward,  vanishes  and  thus 

d.fr't  -  ^  I 


C-z 


dC  . 


(2.17) 


A  similar  argument  shows  that  (2.17)  also  applies  for  Re(z)  <  -p  <  -a.  Hence 
condition  (2.4)  for  to  be  a  member  of  f  is  satisfied.  Condition  (2.5) 


follows  immedlatel/  from  (1«2)  and  (1.4).  Since  p(z)t|/(z}  =>  <^(z)  Is  entire, 
there  remains  only  the  proof  of  (2.14)  to  show  that  \|»  c  Tp.  Define  Rp,A 
be  the  positively  oriented  rectangle  with  corners  ±p±lA.  For  z  interior  to 


we  clearly  have 


♦<*>  -ikjR  .  • 

p,A 


(2.18) 


From  the  bound  (1.1)  we  have 


I  ‘  .  C  -  <  r  <  p 

and  a  similar  bound  holds  for  ?  -  r-lA.  Hence,  letting  A+“»,  (2.18)  Becomes 


♦<'>-2X1  Jr  1^-*'- 

P 


(2.19) 


which  corresponds  to  (2.14).  We  conclude  i|»  e  Tp  and  the  proof  is  complete. 

The  next  theorem  is  a  complementary  result  to  Theorem  2.2.  Its  proof  is 
only  slightly  more  difficult. 


Theorem  2.3.  Let  ^  e  f„  and  let 


♦(z)  -  p(z)t(z)  =  (P\|»)(z). 


(2.20) 


Then  e  ♦. 


Proof.  Let  a  be  as  specified  for  ip  preceding  (2.4).  For  |  Re(z)  |  > 

8  >  p  >  a,  (2.4)  and  (2.5)  combine,  using  the  Schwartz  inequality,  to  show 
that  for  some  Bp  >  0 


I  ♦Cz)  I  <  Bp. 

Since  this  is  true  for  every  8  >  a,  using  (2.20)  with  property  (1.3)  of  p  we 


-11- 


I  Kz)  I  <  1^1,  z  -  c+ln  .  I  C  I  >  P  >  a  =  Max(a,a).  (2.21) 

a  specified  for  p  as  in  (1.4).  Then  using  (2.5)  with  property  (1.3)  of  p 
we  have 

Jj,  )  ♦(z)  I  dz  I  <  N  (M^)V’'^,  p  >  0  >  a  .  (2.22) 

The  inequalities  (2.21)  and  (2.22)  establish  (1.1)  and  (1.2)  for  |  Re(z)  | 

■  I  5  I  >  P  >  a.  There  remains  the  question  of  the  behavior  of  i^(z)  inside  a 

strip  I  Re(z)  |  <  <1,  >  0  in  order  to  complete  the  proof. 

Let  the  right  and  left  halves  of  Fp,  oriented  upwards  and  downwards 

+  — 

respectively,  be  denoted  by  Tp-,  Tp,  respectively.  Define 


“  2iri  ^ 

(2.23) 

-  ail  Jri  • 

P 

(2.24) 

Since  ♦  e 

^^(rp");,  we  have 

♦"(z)  -  i%"^*'g(t)dt,  g(t)  1  ^dt  < 

0  0 

(2.25) 

and 

♦"(in)  1  ^dn  =  1  ^dt  <  •  . 

(2.26) 

Similarly 

♦+(z)  -  e"^*'h(t)dt,  e^P  1  1  1  h(t)  1  ^  dt  <  -, 

(2.27) 

and 

j*(  ♦+(in)  1  ^  dn  -  Zir  J°f  h(t)  1  ^  dt  <  «. 

« 00  *»O0 

(2.28) 

Condition  (2.4)  for  i|)  to  be  a  member  of  7p  implies  that 

♦(in)  -  ♦+(ln)  +  ♦“(in),  -«  <  n  <  «.  (2.29) 


From  (2.26)  and  (2.28)  we  conclude  that  there  Is  a  function  f  e  l2(-<»,<jo) 


such  that 


(^(In)  =  1.1. m.  e  (iri)dn . 


(2.30) 


A-*-®  -A 


l.l.m.  e  ^^^(Kin)dn  • 


From  the  Identity  (2.29)  and  (2.23),  (2.24)  we  conclude  easily  (since  e 


)  that  ♦(z)  is  uniformly  bounded  in  the  closed  strip  |Re(z)l  =  |5|<  0. 


Let  be  the  closed  contour,  positively  oriented,  consisting  of  the  imaginary 


axis  from  -lA  to  lA  and  the  right  half  of  the  circle  I  z  »  A.  Define 


w;(t) 


1  I  -zt  (<>(z) 
2x1  h.  '^+1  ^ 


Letting  A-*-®,  using  the  bounds  (2.21)  and  (2.22)  for  ^  and  the  Jordan  lemma. 


we  conclude 


1  ,®  -int  ij>(in) 


i_  « 


Is  identically  equal  to  zero  for  t  >  x.  But  the  relationship  of  the  Laplace 


transform  to  convolution  shows  that 


w(t)  =  ;V^’^~®^f(s)ds 


and  hence  that 


0  =  w'(t)  •»  w(t)  >•  f(t)  a.e.,  t  >  X 


Thus  we  conclude  that  f(t)  “  0  a.e.,  t  >  x.  A  similar  argument  shows 


f(t)  ■  0  a.e.,  t  <  -X  and  we  have,  ferom  (2.30)  and  the  identity  theorem. 


(^z)  -  f(t)dt,  f  e  L^[-x,x], 


valid  for  all  complex  z.  Hence  e  ♦  and  the  theorem  Is  proved.  For  i|;  e  T 


we  define,  for  p  >  a  (cf.  (2.3)), 


I 


Then  It  is  clear  that  the  map  P  defined  by  (2.20)  maps  Tp  onto  <t .  Its 

inverse  on  P“^,  is  defined  by  (2.15).  It  is  clear  that  both  P  and  P~^ 

are  bounded  with  respect  to  l(|ilp  in  *  and  l\|)lp  in  fp.  Since  if  admits 

a  Hilbert  space  structure,  it  follows  that  fp  does  as  well. 

One  of  the  most  Important  results  of  this  paper  has  to  do  with  the  rela¬ 

tionship  between  I  Ip  on  fp  and  another  norm  on  the  same  space,  which  we 
refer  to  as  I  1$.  The  definition  of  I  1^  depends  on  the  following  result. 

Theorem  2.4.  Let  e  ♦,  ip  e  f,  and  let  f  e  L[-^Tr,n],  g  e  L^  (~“,“), 

3  >  a,  be  such  that  (p  -  3f,  tp  (cf.  (2.1),  (2.7),  (2.8)).  Then  with 

=  2^  ir  'l>(z)'l’(z)dz  > 

P 

< (p , ip>  ^  independent  of  p  for  p  >  /S  >  a  and  we  have 

<'P,’I'>  “  J""  f(t)g(t)dt.  (2.33) 

-IT 

Proof e  The  formal  argument  is  very  simple: 

<'P,'P>  -  2^  Jr  'l'(z)'P(z)dz  =  Jj,  2%^*^f(t)dt\p(z)dz 
P  P 

=.  J'"  f(t)  ^  i  e^’'ip(z)dz  dt  -  f(t)g(t)dt,  (2.34) 

-IT  ‘p  -n 

the  last  identity  following  from  (2.12).  To  make  this  argument  rigorous  one  may 


define  (cf.  (2.11)) 


and  one  Immediately  has 


(t)  »  2^  Jp  ip(z)dz 


f(t)g^(t)dt  «  ip  (P(z)\p(z)dz. 

p,A 


.*•  .  •  .%  . 


-14- 


Since  It  is  well  known  that  converges  to  g  in  the  norm  on  [“if  .if] 

and  <^(z)it)(z)  c  L^(rp),  the  desired  Identity  follows  Immediately.  Since  the 


right  hand  side  of  (2.33)  is  independent  of  p,  the  same  is  true  of  the  right 


hand  side  of  (2.32),  which  is  well  defined  for  all  p  >  a,  a  as  defined  for 


preceding  (2.4).  We  define  a  semi-norm  on  "P  by 


where 


(tie*  ^0 

^*0 


-  Cl  ^1  ■*'>( 

is  equivalent  to  any  of  the  norms  |  |  p  on  p  >  0.  Since  the  Plancherel 


Theorem  gives 


l+l  ^  -  /I?  I  I 


/ItT  If! 


L2[-ir,ir] 


and  (2.33)  obtains,  we  see  that 


—i —  sup 

/zH  feL^[-Tf,ff] 
If  litO 


f(t)g(t)dt 

If  tZf  1 

L'^[-Tr,Tr  J 


"  /2^r  ^ 

Thus  -  0  if  g(t)  ■  0  a.e.  in  [-it,ir].  Also,  since  the  Plancherel 


(2.35) 


Theorem  gives 


2ir(  I  g(t)  I  ^dt  +  e^P*"  I  g(t)  I  ^dt) 

0  “* 


it  is  clear  that 


^  C  I  s<t)  I  '  at  <  e 


2-.P  ,„2 

P 


(2.36) 


A  principal  result  of  the  next  section  will  be  to  show  that,  restricted  to  ?p. 


I  1^  is  a  norm  and  an  inequality  in  the  reverse  direction  of  (2.36)  may  be 


obtained.  We  make  a  start  in  this  direction  with 


Theorem  2«5.  If  ij>  e  then 


kl  *“  0  ”  ^(2)  = 


Then  I  lij  Is  a  norm  on  fp. 


Proof .  If  I  <1' I  «  ~  0  then  for  p  >  a. 

Jj,  0(z)0(z)dz  “0,  V  e  ♦. 
P 

Since  Theorem  1.3  shows  that  for  some  ^  e  4 

'l»(2)  “  ♦(z)/p(z). 


(2.37) 


(2.38) 


(2.37)  becomes 


(2.39) 


Theorem  2.3  also  shows  that  as  0(z)  runs  through  4,  0(z)/p(z)  covers  all  of 


Let  C  be  a  closed  contour  in  the  complex  plane  not  meeting  any  zero  of 

p(z).  Then  with  q(z)  an  arbitrary  polynomial  In  z, 

j  ^  1  f  ^  q(c) 

=  2x1  U  z-C  p(0  ’ 

defined  for  z  exterior  to  C,  Is  a  rational  function  of  z  which  belongs  to 
Tp  and  consequently  has  the  form  0(z)/p(z)  as  in  (2.39).  For  another  con¬ 
tour  C,  just  outside  C  and  enclosing  exactly  the  same  zeros  of  p(z), 

(2.39)  Is  readily  seen  to  Imply 

0  -  ig  ♦(z)'l'^,(z)dz  =■  /g  ^  ^  dc  dz 

■  /c  ?U)  ^c‘  ^  i  ^  ■*'  ■ 

Since  this  Is  true  for  every  such  C  and  every  polynomial  q  we  conclude  that 
♦(z)/p(z)  Is  entire.  But  since  ^(z)/p(z)  lies  in  TpCY,  (2.4)  shows  that 
for  p  >  a 
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♦(z) 

p(z) 


L_  f  _!_  iLi) 

2nt  h  I-C 


-c  p(c) 


As  previously,  let  Fp  denote  the  contour  consisting  of  the  two  lines 
Re(l)  ■  p,  Re(X)  •»  -p,  positively  oriented,  and  let  the  two  halves  of  Fp  be 
denoted  Fp,  Fp.  The  following  theorem  Is  well  known  ([h],[i]). 

Theorem  3.1.  Let  Ivf  “  h+(p+lo)  e  L2(Fp).  Then  there  are  uniquely  defined 
functions  h^Cz),  ll|.(z)  defined  and  analytic  In  Be(z)  >  p,  Re(z)  <  p,  and 
lying  In  the  Hardy  spaces  H2{Re(z)  >  p},  H^{Re(z)  <  p},  respectively,  with 
boundary  values  In  L^( Fp) ,  such  that 

h^(p+lo)  -  h^(p+lo)  +  h^(p+lo). 

Horeover 

»h^.l\2(r+  )  • 

'  P  '  P  P 

While  we  do  not  offer  a  formal  proof.  It  may  not  hurt  to  remind  the  reader 

that 

h  (c)dc 

“  Yla  ^  <»»  (3*2) 

p 

the  orientation  of  Fp  being  upward  In  both  cases.  Moreover,  there  Is  a  unique 
function  satisfying 

J*  e  I  g^(t)  I  ^  dt  <  -. 
such  that  h+(z)  -  (ffg)(-z),  Re(z)  -  p,  l.e. , 

h  (pl+o)  ■  1.1. m.  e  ^^^^e  g  (t)dt  . 

-14  -  /A  -(P+lo)t^  ,  . 


while  h+Cz),  -h^.(z)  are  the  right  and  left  Laplace  transforms  of  g+; 

hT(z)  “  1.1. m.  e*^  g  (t)dt,  Re(z)  >  p 

A^-  0 

h,(z)  =  1.1. m.  e  g  (t)dt,  Rje(z)  <  p  . 

+  A>-  -A  +  _ 

In  the  same  way,  If  h_  •*  h_(-p+lo)  e  L2(rp)  we  may  decompose  h_  as 
h_(-p+lo)  ■  h^(-p+la)  +  h_  (-p-Ko) 

where  hi,  h_  lie  In  the  Hardy  spaces  H2{Re(z)  >  p},  H2{Re(z)  >  -p},  respec¬ 
tively,  and 


h_(C) 

Jr-  dC.  Re(z)  >  -p, 

P  ^  * 

(3.4) 

"I'*)  ■  2k 

h_(0 

Jr-  r-r  ^  “P» 

P  *  ^ 

(3.5) 

"’-'^2(1-) 

+  2  -  2 

-  Ih^lp-  +  lh_lp_  . 

”  P  ~  P 

(3.6) 

Now  let  h  e  L^CFp)  and  let  K4.,  h_  be  Its  restrictions  to  Tp,  Fp, 
respectively.  Define 

h(z)  -  h^(z)  +  h^(z),  I  Re(z)  |  <  p,  (3.7) 

and  we  have,  from  (3.3)  and  (3.4), 

■  2^  Jr  »•») 

P 

We  will  refer  to  h  as  the  "Internal  part  of  h  relative  to  Fp".  (If  h  Is 
defined  originally  on  a  set  which  Includes  Fp  for  various  values  of  p  It  Is 
necessary  to  refer  to  the  particular  Fp  In  question.  If  Fp  Is  understood, 
we  will  simply  refer  to  h  as  the  "Internal"  part  of  h.)  We  will  write  (3.8) 
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I 


and  designate 


h  -  Th 


H^Cr^)  -  {Th|  h  e  L^CTp)}-  TCL^Fp)) 
as  the  "internal  Hardy  space"  (relative  to  Fp).  We  define 

A 

h(z)  -  h^(z)  -  h^(2),  Re(z)  >  p, 

* 

h(z)  -  hZiz)  -  h"(z),  Re(z)  <  p, 
and  we  have,  for  |  Re(z)  |  >  p 

“  lirT  -^r  z^f^ 

P 

as  nay  be  readily  verified.  We  write  (3.9)  as 

A  A 

h  -  Th 

and  refer  to  h  as  the  external  part  of  h  (relative  to  Fp).  The  apace 

H^(rp)  -  {Th|  h  e  L^(Fp)}  -  T(L^(Fp)) 

is  designated  as  the  "external  Hardy  space"  (relative  to  Fp).  It  is  clear  that 

h(z)  +  h(z)  -  h(z),  z  e  F  (3.10) 

so  that  ^ 


T  +  T  -  I  . 


^  _  A 

It  Is  easy  to  see  that  T  and  T  are  both  projections,  onto  H2(Fp),  H2(Fp), 
respectively,  but  that  they  are  not  nutually  orthogonal.  Using  the  properties 
of  the  Hardy  spaces  one  may  see  that 

*^+*  L2(r-)  ^  'K'  L2(r+) 

P  p 

'!•!'  I,2(r^  <  Ih!i  L2(r-) 

P  P 


s 

m 


i 


and  from  this  we  have,  using  (3.1),  (.'.o) 


i.2(r^) 


<  lb  I 


-*  LZCFp) 


<  2(*\*  L2(r-)  <  *V  L2(r+))  <  2  Ihl  ^  (3. 


L2(rp)  ^  *^+‘  L2(r^)  *V  L2(r^) 

+  'K'  L2(rp  '*'+*  L2(r") 

‘  L2(rJ)  '  L2(r-)  ^  i,2(r;)^  'V'  i,2(rj) 

<  ■^('V  ^2(r*)  +  ">+■  L2(r-))  ‘  ^  i.^(r  ) 


On  Che  other  hand  (3.10)  gives 


L2(r  )  ^  ****  L2(r  )  ■*"  L2(r  )  * 

P  P  P 


(3.13) 


A  final  point  in  our  elucidation  of  the  properties  of  H2(rp)  and  H2(rp)  is 
this:  if  he  L‘(rp)  and  h,  h  are  its  internal  and  external  parts, 

then  *^*L2(r  )  *^*L2(r  )  each  be  uniformly  bounded  in  terms  of 

*^*L2(rp  j,  provided  0  <  o  <  p  <  t.  Such  a  result  is  easily  obtained  using 

arguments  of  much  the  same  type  as  Chose  used  above. 

Our  next  task  is  to  identify  the  Hilbert  spaces  ♦  and  T  with  subspaces 

of  H2(rp),  H2(rp  ),  respectively. 

Proposition  3.2;  Let  ^  e  ♦,  so  that  ^  (  Tp  ^  l'2(rp).  Then  $  “  ♦  so  that 
♦Kp  -  CT(L2(rp))  -  H2(rp). 

Proof .  This  follows  from  (3.8)  and  the  fact  that  (2.14)  is  valid  for  all 

4  e 
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Proposltlon  3.3.  Let  xp  e  T,  so  that  |  Tp  e  L2(rp)  for  p  >  a  (cf.  (2.5)). 
Then  ♦  e  +  so  that  T  j  -  Tf  j  CT(L2(rp))  =  H^CFp). 

Proof.  This  follows  from  (3.9)  and  the  fact  that  (2.4)  Is  valid  for  all  e  "r. 

We  see  then  that  for  each  cardinal  function  p,  the  map  P  defined  by 
(2.20),  and  Its  Inverse,  P“^,  are  external  -►  Internal  and 
Internal  external  maps,  respectively,  defined  on  L2(rp). 

The  following  theorem  Is  the  basic  result  concerning  "Interpolation"  of  a 
function  f  e  H2(rp)  by  a  function  ^  e  ♦  on  the  zero  set,  Zp,  of  a  cardinal 
function  p. 


Theorem  3.4.  Let  p  be  a  cardinal  function  and  let  p  >  o  (cf.  (1.4)).  Let 
h  c  H^(rp);  thus  h  may  be  extended  Into  Int(rp)  via 

■  Siir 

P 

Then  there  Is  a  unique  ^  e  f  such  that  (^  -  f)/p  Is  holomorphlc  In  Int(rp). 


Moreover,  there  Is  a  positive 


Independent  of 


such  that 


(3.15) 


Remarks.  The  term  "extended"  has  a  technical  sense  here  because  h I  r  Is  the 

-  I  ip 


limit  In  the  L^— norm,  of  hjrpt  P<P»  ss  p+p. 

The  term  "Interpolation  on  Zp"  Is  used  advisedly  since  for  each  zero  X 
of  p,  of  multiplicity  y,  ♦(!),  ♦'(X),*»»,  ♦^“^(X)  must  agree  with  h(X), 
h*(X),  •••,hl‘“l(X),  respectively. 

Proof  of  Theorem  3.4.  The  uniqueness  Is  quite  straightforward.  If  ^2 

were  two  such  functions  In  4,  we  would  have 


on  the  one  hand  in  Tp  by  Theorem  2.2,  and,  on  the  other,  holomorphlc  In 
Int(rp).  The  formula  (2.4),  valid  for  e  f  and  z  external  to  Tp  gives 


♦l(z)-'fr2(*) 


JL.  I  1 

5x1  (z- 


(z-C)p(C) 


The  properties  of  4^4  and  p,  together  with  the  holomorphlclty  of 
In  Int(rp),  show  that  the  Integral  converges  and  converges  to  zero.  Thus 

♦l(z)  ■  1  R®(z)  I  >  P 

and  extends,  using  the  Identity  theorem,  to  all  z. 

For  the  existence,  we  let  Fg  be  a  contour  similar  to  Fg  but  with 


<  o  <  p.  For  I  Re(z)  |  >  o  we  define 

^  2x1  Jf  (z-c5p(c)  ^^p^  • 


(3.16) 


The  Integral  Is  convergent;  p  Is  bounded  below  on  Fp  and  the  square  Integra- 
blllty  of  h  on  Fg  la  a  consequence  of  Its  membership  In  H2(Fg).  Then, 
still  for  I  Re(z)  |  >  o,  we  define 


♦(z)  -  p(z)<»(z)  -  p(z)  jIy  ip  ^ 


C)P(0  * 


Then  we  define  ♦(w),  1  Re(w)  <  p.  In  agreement  with  (2.14),  by 


Jr  .?(♦). 


2x1  •’F  z-w 
P 


(3.17) 


(3.18) 


From  (3.16),  e  H^(Fg),  so  41  e  L2(Fp).  From  the  properties  of  p,  ♦,  defi¬ 
ned  by  (3.17),  Is  In  L2(Fp)  and  then  ^  e  H2(Fp). 


Let  w  satisfy  a  <  Re(w)  <  p.  Then 


Ziri  r 

p 


az 


4ir2  ^r^U-Op(C) 


4* 


ZL  I  h(0  .  p(z)  p(z)  I. 

2  (w-0p(0  FT" 

P  P  " 


p(w)  ji—  I  h( C)d4 _ ^  I  /o  ION 

2irl  Jr  (w-C)p(C)  2Trl  h  w?  (3.1*?) 


a .  a 

Since  h  e  H^CTp),  we  have  also  h  e  H2(r0).  Since  w  Is  exterior  to  Tj 


1-  / 
2xi  Jr 


h(C) 


w-C 


dC 


and  we  therefore  have,  from  (3.19), 

1 


♦(w)  -  p(w) 


h(C) 


2x1  (w-Op(0 


♦(w) 


It  follows  that  ♦(w)  provides  an  analytic  continuation  of  as  defined  by 

(3.17),  into  the  region  j  Re(z)  |  <  p.  Thus  ^  Is  entire.  That  ^  e  ♦  may  be 
deduced  from  (^z)  -  (Kz)  ,  ^  e  H2(rp),  j  Re(z)  |  <  p,  together  with 


♦(z)  *  p(z)t(i(z),  I  Re(z)  I  >  o.  In  particular,  (2.14)  follows  from  (3.18)  as 
soon  as  ^  ~  f  has  been  established. 

There  may  be  some  question  about  the  change  of  the  order  of  Integration  In 
(3.19).  Let  Tp^y^  be  defined  as  In  (2.11)  and  let  Rp,A  defined  as  pre¬ 
ceding  (2.18).  Since  4i(z)  as  defined  by  (3.16)  Is  in  L2(rp) 

_ L_  f  P(g)  I  h(  _ 

4^2  Jr^  z-w  Jr^  (z-C)p(4) 


<13  -  -  * 


1 1.  I  1 

4.2  <-OpU) 


4w 


because 


7  ii:  |l^-  |o*-'  (2.20) 


p(z)h(c) 

(z-w)(z-c)p(c) 

Is  Integrable  for  C  e  Tp,  z  e  Tp^^.  Then  we  note,  since  Tjj  Is  interior  to 
Tp,  that  with  py^(J:)  -  p(?),  I  c  I  <  A;  p^(c)  -  0,  |  c  |  >  A,  and  A  >|  w|  , 


2x1  ■'R 


dz  -  p(w)  -  P^(C)* 


Since  h(?)/(z-C)  is  Integrable  on  Fj 


11m  jp 

A  A 


h(C)p^(C)dC 

(w-/;)p(C) 


I  ^  Hr 


Since  it  is  easily  established  that 


A-'-  f  p,A  p,A  L---  -'a  I 

we  conclude  that  the  last  expression  in  (3.20)  converges,  as  A  tends  to  », 

to  the  corresponding  expression  in  (3.19),  which  is  all  we  need. 

Again  for  a  <  |  Re(w)  |  ^  P  ve  note  that 

♦(w)-h(w)  _  ,  MOdc  _  h(w) 

p(w)  "  2x1  •'r^  (w-c)p(c)  p(w)  ’ 


But  one  shows  quite  readily  that 


r)  2xi  Jr 


h(C)dC 

(w-C)p(i:) 


1  ,  h(c)dc 

2xi  Jr  (w-C)p(C) 

a 


since  h(C)/p(C)  is  holomorphlc  in  the  region  a  <  Re(c)  <  P*  H  follows 


♦(w)-h(w) 

p(w) 


2x1  Jr 


h(C)<ig 

(C-w)p(C)  ' 


Since  the  right  hand  side  defines  a  function  which  is  holomorphlc  for 
|Re(w) I  <  p,  the  left  hand  side  must  be  holomorphlc  there  as  well. 

Finally,  there  is  the  bound  (3.15).  This  follows  Immediately  from  (3.17) 
and  (3.18).  For  h(c)/p(C)  lies  in  L2(rQ),  and,  since 


—  I  - 

5x1  Jr^  ( 


h(C)<iC 

w-C)p(C) 


is  the  external  part  of  this  function,  we  see  that  <(»  j  r  ^  ^^(rp)  and  may  be 


bounded  in  terms  of  h|  p  using  the  fact  that  p  is  bounded  below  on 


To  for  a  >  a.  Then  we  note  that  <fr,  defined  by  (3.18),  is  the  internal  part 


of  pi|»  relative  to  ip  and,  using  the  fact  that  p  is  bounded  above  on  Tp , 
we  bound  l^lp  =  |  ifr  (  p  in  terras  of  l’f'!L2(p  y  which  in  turn  is  bounded  in 

L^CTp)’ 


terms  of 


^  I  T  2/  r  ^ that  may  be  bounded  in  terms  of 
b  ( ^  o’ 


h  I  ,  2/ -  ' •  which 


completes  the  proof. 


Corollary  3.5.  Let  h  e  H^(rp)  and  let  ^  be  constructed  as  in  (3.17).  Then 
^/p  e  Tp  and  for  every  0  e  ♦ . 


I  6(z)h(z)dz  ^  «■  I  r-i 

2iti  ■'r  p(z)  2iTi  ■’r  p(z)  *  (3-ZZ) 

Proof.  The  conclusion  ^(z)/p(z)  e  fp  follows  from  Theorem  2.2  since  ^  e  * 

For  a  <  o  <  p  we  have 

JL  I  9(z)»(z)dz  _  1  I  .  .  I  h(z)  . 

2ri  Jr  p(z)  7if2  Jr  Jr^  (z-c)p(c)  ^ 


1  I  hio 
4ti2  Jr 

-L.  ] 

2vi  Jr 


1  I  h(c)9(c)dc 
2iri  Jp^  p(C) 


9(z)h(z)dz 

P(z) 


The  change  of  order  of  integration  is  established  in  much  the  same  way  as  in  the 
preceding  theorem.  The  last  Identity  follows  from  the  analyticlty  of  8h/p  in 
the  region  a  <|  Re(z)  |  <  p  together  with  by  now  familiar  estimates  on  the 
Integrand  as  I  Im(z)  I  *  **. 


Theorem  3.6.  For  any  cardinal  function  p  there  is  a  positive  number 
stich  that  for  all  t|»  e  Tp  (and  p  >  a,  cf.  (1.4)) 

'♦'p  <  Kp  . 

Hence  I  Ip  and  I  1$  are  equivalent  on  Tp. 


(3.23) 


and  t  related  to  h  as  in  Theorem  3. A  and  Corollary  3.5 
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1 

2it1 


jp  '|)(z)h(z)dz 
P 


1  I  6(z)h(z)dz 

2ti1  Jr  p(z) 

P 


(cf.(3.22))  I^ir  ~ 

P 

<  «^‘o 

with  B  Independent  of  since 
Ihl  2/p  \  can  be  bounded  In  teras 
l<^lp  can  be  bounded  In  terms  of 
number  Kp,  depending  only  on  p. 


z)4i(z)dz  _ 
p(»)  ■ 

J\i)l  <  B  •(I'l 


I^Iq  and  Hip 


.  (3.24) 

are  equivalent.  But 


of  l^lp  (see  (3.11))  and  (cf.  (3.15)) 

Ihl  2/ p  \*  Hence  there  is  a  positive 
L  (Ip) 

such  that 


Hip  <  Kp  Hip  . 

Using  this  in  (3.24)  we  have  (3.23)  and  the  proof  is  complete. 

Thus  we  see  that  Tp,  equipped  with  any  of  the  norms  I  Ip,  p  >  a,  is 
a  representation  of  ,  the  dual  space  of  4,  duality  relationship  being 

expressed  by  <♦,'!»>,  e  ♦,  i|»  e  Yp. 

A  representation  of  the  dual  space  independent  of  p  may  be  obtained 

in  the  following  way.  Let  i|»  e  T.  Let  p  be  a  cardinal  function  and  let  p  >  a 
(cf.  (1.4)).  Let 


<|»(z)  -  h(z)/p(z) 


and  we  see,  since  p  is  bounded  below  on  Tp,  that  h  e  L^(rp).  Write 
h  “  h  +  h,  he  H2(rp),  h  e  H2(rp),  and  we  see  that  for  every  0  e  ♦ 


"  lir  ir  ^  h(z)dz=.^/ 


9(z)h( z)dz 
r  p(z) 


p 


with  ^  constructed  from  h  as  in  (3.17).  We  know  that  (fi/p  e  Yp  Y. 
equivalence  classes  in  Y  by 


Define 


Then 


{<!>}  *  {>()  e  ?  j  <(}>,\p>  =  3II  e  4}  . 


I  {'I'}!  .  =  'I'  e  {'I'} 

V  V 

defines  a  norm  |  j  4,  on  T.  Given  a  cardinal  function  p,  each  equd 
class  {i|»}  contains  exactly  one  representative  i^/p  from  "Pp  and 

-  i^/pi^  . 

so  the  map 


{'!»}  (^/p  e  {’!'} 

is  an  isometry  between  f  and  fp  relative  to  l{i))}l^  and  l(^/pl^. 
Defining 

e  -  { {+}  I  ♦  e  Y} , 

with  the  norm  I  is  a  representation  of  4' . 

There  are  other  subspacea  of  f,  besides  the  space  fp  which  we  I 
described,  for  which  the  result  of  Theorem  3.6  remains  valid.  Let  a  > 
let 


Z  C  {z  I  I  Re( z)  I  <  a} 
consist  of  a  sequence  of  numbers: 

Z  <■  I  -®  <  k  <  "} 


with  the  property  that 


l^f  (Im(z^^^)  -  Im(zjj^_j^))  -  d  >  1. 
Let  be  the  closed  span  in  f  of  the  function 

.  -  <  k  <  -  . 

We  have,  of  course,  for  j  Re(z)  |  >  a. 


4  (z)  »  (-^e  )(z),  e  (t)  »  e 


Results  due  to  Ingham  [j]  and  Duff in  and  Schaeffer  [f]  show  that  for  each 
sequence  the  series 


g(t)  =  I  c  e  (3.25) 

converges  In  L^[-Tr,iT],  and  there  are  positive  numbers  C,  c,  depending  only 


on  a,d,  such  that 


<^■^1  g|  ^  ^  el  L2[-Tr.,r]- 

We  know  that  Oipl(t  is  equivalent  to  Therefore  for  some  other 


numbers  C,  c,  also  positive,  with 


Kz)  “  I  7:^  , 

k— “  ^  \ 

this  series  is  convergent  in  T  with  respect  to  I  1^  and 


'  %LJ'Kr‘ 

For  each  integer  I,  (3.25),  (3.26)  show  that  for  t  e  [-it,Tr] 


«  2iitz.  z  t 

gjj(t)  -  g(t+2iir)  -^1  ^  )  e  ^ 


(3.27) 


(3.28 


(3.29) 


converges  in  L2[-ir,Tr]  and 


c"  ‘Bz*  L2[-iT,Tr]  Sl— I  I 


k  2  ^  2  ,  ,2 

<  ®  Ig.'  t2 


£  L2[-ir,Tr]’ 


so  that 


-4iKa  -2  ,  ,  2  ^  V  I  i  2  ^  4£na  .2  ,  .2 

From  this  we  conclude  that  (3.29)  defines  a  function  g(t)  on  (-**,*)  such 
that  for  any  p  >  a,  g  e  Lp(-<«>,‘»),  i.e., 

e"^Vt)  e  L^[0,-), 
e'^'^  g(t)  e  L^(-»,0], 

Then,  clearly,  the  series  also  converges  to  \|)  In  *?  with  respect  to  I  Ip 
and  there  are  positive  numbers  C,  c,  depending  on  p,  such  that 


''*'p  ^  ^ 

Then  from  comparison  of  (3.28)  and  (3.30)  we  have 


(3.30) 


Proposition  3.7.  The  subspace  Cl  't  consists  precisely  of  series  (3 .27) 
with  c^^  e  ^  the  norms  I  1 4  and  I  Ip  are  equivalent  on  ? ^  If.  closed 
with  respect  to  the  topologies  derived  from  I  Moreover,  the  map 


T  :  {ci,}  e  1  ♦  e  T 

defined  by  (3.27)  Is  bounded  and  boundedly  Invertible  (on  with  respect  to 

l{cj^}lj^2  and  either  1^1  ^  £r  I'pip,  the  bound  depending  only  on  d  and 


This  result  will  play  an  Important  role  In  the  next  section. 
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4.  ’’Regular"  Nonharmonic  Fourier  Series  la  L2[-ir,Tr]  . 

We  have  defined  in  (2.7)  the  Laplace  transform  of  a  locally  square 

2 

integrable  function  g  in  LpC-'X’.^Xcf  .(2. 6)  )  , 

4'(z)  “  (  8)(z)- 

’Then  with  Hz)  “  (3f)(z),  f  e  L2[-ir,Tr],  we  have  seen  that 

<*A>  *•  r  f(t)g(t)dt.  («•!) 

As  a  consequence  is  equivalent  to  *gij^2  [^_t,  restricted 

to  lie  in  Yp,  we  know  that  Itl/I*  is  equivalent  to  H^ip.  which  in  turn  is 
equivalent  to 


We  see  then  that,  for  g  e  £"1  Tp,  Iglp  is  equivalent  to 

Proposition  4.1.  If  p  is  a  cardinal  function,  is  dense  ^  L2[-it,n 


Proof. 

Since  (2.33) 

is  valid  for  each  f  e  L2[-ii,ir] 

we  need  only  show  that 

<^,(|;>  -  0,  for  all  ||>  e  Tp 

(4.2) 

Implies 

^  x  0.  But 

for  e  Tp 

'|»(z)  -  0(z)/p(z),  0  e  ♦, 

and  then  for  p  >  a 


<♦,♦> 


1 

2111 


I  »(z)9(z) 

iPp  p(z) 


dz 


(4.3) 


If  (4.2)  is  true.  Theorems  2.2,  2.3  show  (4.3)  equals  zero  for  all  9  e  ♦ 
then  Theorem  2.5  shows  that  <Kz)/p(z)  =  0  which  Implies  (ji(z)  =  0  and  we 


and 


have  our  result. 


We  will  see  now  that  this  proposition  Is  really  a  statment  about  the 
completeness  of  certain  complex  exponentials  In  the  space  L2[-ir,Tt]. 

Let  the  points  In  Zp,  the  zero  set  of  the  cardinal  function  p,  (Zp  may 
be  8ho%m  to  be  non-empty  quite  easily  using  familiar  theorems  (cf.  [K])  about 
entire  functions)  be  Indexed  as  k  e  K,  where  K  Is  a  countable  Index 

set,  and  let  be  the  multiplicity  of  as  a  zero  of  p.  Ue  denote  by  Ep 

the  set  of  generalized  exponentials 

z.  t  ir -1  z  t 

{e  ,  te  .•••,t  e  I  Zj^  e  Zp}  (A. 4) 

and  by  [Ep]  be  span  of  these  functions  In  L^[-tt,x].  It  will  be  recognized 
Immediately  that 


[Ep]  -  £-l(Rp) 

where  Rp  la  the  subspace  of  fp  conalstlag  of  rational  functions 


where  o(z),  t(z)  are  polynomials  In  z  with  deg  a  <  deg  t  and  p(z)p(z)  e 
Is  entire.  The  completeness  of  Ep  In  L^[-x,Tr],  i.e.,  the  fact  that 


[Ep]  -  lZi-^.tt] 

is  equivalent  to  the  denseness  of  Rp  in  Tp  by  virtue  of  the  remarks  which  we 
have  made  above.  Now  Rp  Is  complete  In  Yp  just  in  case,  for  e  ♦ 

<(^,p>  -  0,  p  e  Rp,  ij»  -  0.  (4.6) 

That  Is  the  case  In  just  the  argument  already  given  in  Theorem  2.5  with  the 


rational  functions  \|»q  in  place  of  p:  If  (4.6)  were  true  then  (j)/p  would 
be  entire  and  hence  zero,  so  that  »  0.  Thus  we  have 


Theorem  4.2.  If  p  ^  £  cardinal  function  then  Rp  dense  In  Yp;  equiva¬ 
lently,  (4.5)  is  true,  I.e.,  Ep  Is  complete  In  L2[-n,iT]. 
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This  Is,  of  course,  not  a  new  result  (see,  e.g.  [E],  [F],  [K])  and  is  Included 
here  simply  to  make  our  presentation  self-contained. 

The  functions  (4.4)  comprising  Ep  have  the  property  of  strong  linear 
Independence  In  l2[— 11,11]  just  In  case  no  such  function  lies  In  the  closed  span 
of  the  other  elements  of  Ep;  In  the  context  of  ♦  and  fp  this  Is  equivalent 
to  the  constructlblllty  of  the  Lagrange  functions  g;c,v  ^  k  e  K, 

0  <  V  <  pjj,  with  the  property 


0,  1  It  k 

1^1,  i  “  k.  j  -  v* 

since  It  Is  easy  to  see  that  these  can  be  constructed  In  the  form  (the  c^ 
are  complex  scalars) 


‘^k,v 

we  will  regard  this  strong  linear  Independence  as  established. 

We  see,  therefore,  that  Ep  forms  a  basis  for  L^[-Tr,n]  In  the  sense  of 
constituting  a  complete,  strongly  Independent  set.  A  decidedly  more  ambitious 


(z)  -  p(z)  I 


y-v  c 


n-1  (z-z  j^) 


enterprise  Is  to  give  conditions  sufficient  In  order  that  Ep  should  be  a 
Schauder  basis  for  l2[-x,x],  l.e.,  denoting  the  elements  (4.4)  of  Ep  by 
®k,v»  It  e  K,  0  <  V  <  y,  that  each  g  e  L^j— it,x]  should  have  a  unique  con¬ 
vergent  expansion 


®k,v  could  not  be  strongly  Independent.  Tbus  it  Is  the  existence  of  a  con¬ 
vergent  series  as  shown  In  (4.7)  which  Is  the  main  question.  It  appears  to  us 
that  the  most  usable  sufficient  condition,  stated  In  the  context  of  our  develop¬ 
ment,  Is  the  following.  We  recall  ([N])  that  p  Is  almost  periodic  In  a  strip 
I  Re(z)  I  <  B  just  In  case  for  each  e  >  0  there  Is  a  positive  number  I  = 

l(e,B)  such  that  In  each  Interval  (C,C+L]  of  the  real  axis  of  length  L  >  I 

there  Is  at  least  one  number  n  such  that 

I  p(z  +  In)  -  p(z)  I  <  e  (4.8) 

uniformly  for  all  z  such  that  |  Re(z)  |  <  3. 

Theorem  4.3.  If  the  cardinal  function  p,  with  related  a  ^  (1.4),  Is 

almost  periodic  In  some  strip  |  Re(z)  j  <  3  with  3  >  a,  then  Ep  Is  a 

Schauder  basis  for  L2[-Tr,ir]. 


Proof.  Let  a  <  p  <  3  and  let  Cq  t>e  a  simple  path  joining  to  Tp  which 

does  not  meet  Zp.  Then  for  some  Gq  >  0 

I  I  ^  ^0’  ^  ^  ^0  ' 

Let  0  <  e  <  €q/2  and  let  l(e,3)  be  selected  as  Indicated  above.  Let 
L  >  I  +  d,  where  6  Is  a  fixed  non-negative  number,  and  for  each  non-zero 
Integer  k  *  ±1,  ±2,*»*,  let  nit  ®  ((k-l)L  +  6,  kL]  be  such  that  (4.8)  holds 
with  n  replaced  by  nit*  Then  let 

-  {z  +  IPj^  j  z  e  Cq},  k  “  ±1,  ±2,***,  (4.9) 

and  It  Is  clear  that  for  all  such  k 

I  p(z)  I  >  e,  z  e  .  (4.10) 

For  each  positive  k  let  Pp,k  consist  of  the  portion  of  Tp  between 
and  and  for  each  Integer  pair  k,t,  k  >  I,  let  Pp,k,l  portion  of 

Tp  between  and  Cj^;  thus  Pp,k  “  ^p  ,k,k-^\ 


For  z  outside  Rp,k,&»  which  Includes  |  Re(2)  |  >  p,  define 


i, 


KO 


dC. 


Extended  by  analytic  continuation  to  C  -  (Zp  Hint  Rp^k,£^»  'f’k,£  ^ 

Similarly  define  ♦k,!  ^  necessarily  to  fp,  by 


dC< 


O 

Let  p  <  a  <  6.  It  is  an  easy  consequence  of  the  properties  of  the  spaces 

In  a  half  plane  (see  e.g.,  [B])  or  the  Carleson  measure  theorem  ([L],  [M]) 
that 


11.  I  ♦  -  ♦  jj  „  -  0. 


(4.11) 


Since  i|i(z)  -  <fr(z)/p(z),  ^  e  ♦,  the  Rlemann-Lebesgue  lemma  shows  that 


11m  (  sup  I  +(c)  I  )  =  sup  c 


k  •»■«»» 


Since 


I  ‘  uidT  , 


p,k,£ 

where  £(C}  Is  the  length  of  C  and  (I  =  distance) 


‘^^^’^p,k,£^ 


min 

4er 


C-z 


it  Is  clear  that 


p,k,£ 


1^;  '\.i  Ki'p  -» 

k*-* 


and  therefore,  from  (4.11) 
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11m  H  -  ^1^  -  0 

k-*«  » 


If  we  let 


♦  -^8.  \,t-'^8tt 

then  '|»k^  e  Rp  =*^  8k,  Jl  ^  ^p*  Since  *'P“tk,Jl*a  equivalent  to 

l8-gk.ilL2j_^,,j  and  since 

k  - 

®k  A  ”  ^  °  ^ 

’*  J-A+1  J  J  J 

di  »  -A  .  I  dC  e  R 

we  have 

00 

8  ”  I  8^  .  8^  e  E  • 

ji—  J  3  P 

convergent  in  L^[-v,t],  and  the  proof  is  complete. 


We  will  have  more  to  say  about  the  significance  of  the  assumption  about 
the  almost  periodicity  of  p  in  the  concluding  remarks  of  Section  5. 

Series  In  the  functions  ej^  y  described  by  (4.7)  have  been  referred  to  in 
the  literature  as  nonharmonic  Fourier  series .  Much  of  the  interest  In  such 
series  centers  on  the  question  of  whether  or  not  they  form  a  Rlesz  basis  for 

A  sequence  of  elements,  (x^).  In  a  Hilbert  space  X  forms  a  Rlesz 


basis  for  X  if  It  Is  a  Schauder  basis  for  X  and,  with 


X  =  I  c  x^  (4.12) 

keK 

the  unique  series  representation  of  x  in  terms  of  this  basis,  there  are  posi¬ 


tive  numbers  b,B,  Independent  of  x,  such  that 

b-2|x|2  <  I  jc^l  <b2|x12  . 
keK 

It  is  evident  that  {xj^}  Is  a  Rlesz  basis  If  and  only  if  the  map  from 


(4.13) 


{c]^}  E  to  X  c  X  defined  by  (4.12)  Is  bounded  and  boundedly  Invertible. 
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A  generalization  of  the  Riesz  basis  notion  is  that  of  a  uniform  decom¬ 
position  of  X.  Suppose  Xj^,  k  e  K,  is  a  sequence  of  subspaces  of  X.  If 
every  x  e  X  can  be  written  uniquely  as  an  X-convergent  series 

X  5k*  ^k  E  ^k*  (^-1^) 

and,  with  b,B  positive  and  independent  of  x 


then  we  will  say  that  the  X^^  form  a  uniform  decomposition  of 
case  occurs  when  Is  s  Riesz  basis  for  X  and  X^  ~  [^kl 
each  k 


X.  A  special 
so  that  for 


Sc  ■  'k  \ 


for  some  complex  scalars  c\(,  k  e  K. 

It  is  well  known  that  if  {x^.}  C  X  is  a  strongly  independent  Schauder 
basis  for  X,  and  if  H  is  a  representation  of  X'  relative  to  the  bilinear 
form  <x»5>»  then  there  are  unique  e  H  such  that 


fl,  k  -  A 

<x.  .5,  >  “  <  k,A  e  K. 

1^0,  k  ^  A 

When  {x}^}  is  a  Riesz  basis  for  X,  is  a  Riesz  basis  for  H.  The  com¬ 

parable  notions  for  a  uniform  decomposition  are  as  follows.  For  each  k  we 
have 


where  Xj^  is  the  closed  span  of  the  Xj^,  A  ^  k.  Thus  there  is  a  unique  decom¬ 
position 
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Then  is  a  bounded  projection  with  range  and  I“Pk  is  a  bounded  pro¬ 
jection  %rith  range  We  i.efine  to  be  the  range  of  the  dual  projection 

on  H  and  we  define  to  be  the  range  of  I-Pjc  iia  5.  Clearly  for 

X  e  5  e  5^  we  have 


<x,C>  -  <Pj^x,(I-pp?>  =  <(Pj^-pJ)x,C>  =  <0,0  =  0. 
and  we  have  a  similar  relation  for  x  e  Xj^,  5  e 

If  for  every  x  e  X  we  are  assured  of  the  existence  of  a  unique,  con¬ 
vergent  representation  (4.14),  whether  (4-15)  holds  or  not,  we  will  say  that  the 
X{^  form  a  Schauder  decomposition  of  X. 

Let  us  now  place  Theorem  4.3  in  the  context  which  we  have  just  developed. 
For  each  integer  k  we  define  a  linear  operator,  P^^,  on  fp,  by 


Setting 


1  I  ^(C)dC 

2xi  •'r  ,  2-5 

P,k 


2  c  Ext(R  .). 

p ,  X 


=  (Pj^+Xz),  k  -  0,±1,±2,*** 

’’n  V  ’  »  k  =  0,±1,±2,---  (4.17) 

'^p,k  consists  of  rational  functions  p(z)  =•  o(2)/t(z),  where  a(z)  and  t(z) 
are  polynomials  with  deg  o  <  deg  t.  Moreover,  p(z )( a(z)/ t(z) )  is  entire. 

The  dual  operators  defined  on  ♦  will  be  called  P^^ .  Their  definition  is 


p,k 


z  e  Ext(R'  ). 

P  y  K 


(4.18) 


k  «  0,±1,±2,' 


and  we  define 


The  proof  that  as  defined  here,  has  an  entire  analytic  continuation  lying 

in  so  that  '^p,k  *  subspace  of  follows  much  the  same  lines  as 

Theorem  2.3 


It  is  easy  to  see  that  the  operators  do  not  depend  on  the  par¬ 

ticular  choice  of  p  >  a. 

Proposition  4.4.  The  operators  Pj^ ,  P^;^  are  projections  on  'fp ,  ® ,  respec¬ 
tively  ,  and  for 

p ,  K.  * 

we  have  < =•  0 .  htoreover ,  Pj^^  the  dual  operator  to  P^^  ^  the  sense 

that  for  (fr  e  ♦,  <!»  e 

<p^<|.,<j»>  = 

The  proofs  are  easy  and  essentially  the  same  as  those  given  in  connection 
with  the  operator  calculus  in  [N]  and  are  omitted. 

Theorem  4.5.  Under  the  hypotheses  o f  Theorem  4.3,  taking  6 ,  described  prece- 


ding 

(4.9),  so 

that  6  > 

1,  the  spaces  ^p,k  ' 

described  by 

(4.16),  (4.17) 

form  a 

uniform  decomposition  of  the  Hilbert  space 

Proof . 

We  need  a 

standard 

parametrlzatlon  of  the 

paths  Rp,k* 

Let  the  points 

where 

Cj^  meets 

Tp  and 

Fp,  respectively,  be 

+ 

^p,k»  ’^p,k‘ 

We  construct  a 

map 

from 

Rp  0  onto 

Rp.k  as 

follows : 

The  vertical  sides  of  Rp,k  ‘p,k»  ^p,k*  define 


+  +• 
r  ,  -  r 


p,k-L  ^  +  +  -^  * 


c  E  r. 


s.  <« 


p,0  p,-l 


’"p.O  "^p.-l 


The  construction  of  the  paths  Cj^  Is  such  that  the  lengths  of  Fp  Fp 
l.e.,  I  tp^j^  -  Tp^k-l  i  I  "^p.k  ~  ’^p.k-l  I  ♦  always  lie  In  the  Interval 

[5,2L-5].  It  thus  follows  that  j  |  bounded  and  bounded  away  from  zero 


uniformly  with  respect  to  k  and  C  e  Cq.  Write 


d  <  )  I  <  D. 


Let  be  an  element  of  Tp.  Then 


V  ■  'VXe)  .  ^ 


|;(ai)da) 


(4.20) 


(4.21) 


Setting 


z  c  Ext(R  ) 

P.k 


we  can  re-express  (4.20)  as  (suppressing  the  argument  c) 


“  2x1 


KC.  )4’  dc 

“T^TT -  •  ^  ^  Ext(R  ). 

P.O  '•k  P*'" 


(4.22) 


For  o  >  p  we  will  estimate 


"‘'k'o  =  Jr  I  I  ^ 


Let  us  note  that  for  fixed  C  e  Rp  q*  4k(^^*  ^k-l(^^  have  the  same  real  part 
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Iin(4^^(4)  -  \_j(4))  >  6  >  1, 


Then  we  estimate 


<30  rf  1  fX>  J  ^(^1  )4l'  O 

I  if  I  \  \  "  Ti  J  Mr  ~^r - 

=■"“  o  k=-“  Ml  ‘^p.O  ^ 


KC,  ) 


dz  < 


I  2 


LJe_  Jr  |-^ri<*n  “hi 


P,0  o  k 


D^£(R^  „)^  «  )  » 

D^i(R  oo  a 

<  — 2 - - nx'  C  - ^2 — 2  ^1,1  J 

2ir  (  Inf  I  p(z)  I  )  (o-a)  +r  ^~~ 


■}.  (4.24) 


where 


ijj(z)  =  (ji(z)/p(z),  4>  e  4> 


Clearly  our  task  Is  to  estimate  the  sum  in  (4.24).  Let 

^  <*>  1^(4.  ) 

From  (4.23)  and  the  Inequalities  (3.28)  there  are  positive  niunbers  c  ,C  such 


' '  '♦'o  \.L  h(  J  h  ‘  S'  <K 


2  ~2  ~  2 

^  ^  ■  .1. 1  ^ 


Then  it  is  easy  to  see  that 


J_„l  I  ^  '  2^  ^ 

n 


1  ~  9  1/9 

<  -r^  1({.I  Itpl  <  ~  I.j)l  (  I  )  4)(;,  )  I  ) 

2tt  a  a  2n  a  k  '  ^ 
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I 


Si 


and  we  conclude  that 


(4.25) 


the  constant  c  depending  only  on  6  >  1,  and  not  on  the  particular  sequence 
Then  from  (4.24),  (4.25)  we  have, 

J>.  JrJ  ^(*>1^1***! 

D^l(R  ^  .  zer^  I  p(z)  I  2  - 

^  ^  8?  --  (o  a)^+r^  |p(z)r^  I  *  I  o 

8»  (o-a)  ■«  *eRp,k 

=  C?  1*1^  .  (4.26) 


=  '-I  • 

Tto  obtain  an  inequality  in  the  other  direction  we  note  that 

O  -  Jr  I  ♦(*)|  •I'l"  Jr  l,L.  V'>l  ^1  ■‘'I 

■  lJ-2.lJRp„  .-c^  III 

,  .  .  ♦(Cv)*,(t,)Clcrdt  «  ,  , 

<  -V  Jr  I  I  Jr  Jr  ^  ^  »  -  I  d.  I 

4w^  o  k— •  P,0  p,0  (*“Cj^)(*”C£) 

-  -i-  f-  L  /.  y  y  ^  ^  *■■  ^  dc  dc 

k—  (z-c^)(s-c^T 

■-4  Jr  Jr  Jr  U  .  (.-yx  )  |  d.  |  dc  dt 

4s^  *P,0  %,0  *^0  V  *— •  (z-Cjj) 


!>**<».  n)* 


L  5"** 


I  T  Wi  2  ) 

I  k-—  *“ck  '  ®  ' 


Since 


,  R  P(0*i,('> 

“  pujj  2^i  C-C|^ 


r?r???E 
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we  have 


I W I  ‘ 


dr  >1/2 


r-  2  2 

w  ia-ay+c^ 


^  ^  '|p(.)'|  )  ■♦k'c 


and  then 


,IT  I  »<•>  I 

J-l  \  I  ^  ‘  ^  ^  ^  l«f  I  P(.)  I  >  kL  '♦k'o  • 


But  we  know  frow  (3.28)  that 

vL^''  ‘  ='X.iv'k>i 

with  c  depending  only  on  d  >  1,  and  hence 


,  f  .  ?  W  .2  ^ 

<  - CJ -  (  I  ^  -  I  J 


2  2  *^2 


2  2  ^2 
»  ‘«p.0>  <= 


kLiv^jr 

-  dr  - 

^  'npTwr  ^  kL.'*k'< 


■<^kLi*kiJ  • 


(4.28) 


which  coopletes  the  proof. 


We  now  addresa  ourselves  to  the  question  as  to  when  the  individual  func¬ 
tions  (4.4)  font  a  Bless  basis  for  l2[-v,v].  The  next  theorem  treats  the  case 
wherein  the  cardinal  function  p  Is  aloost  periodic  and  the  zeros,  zi^,  of  p 
ace  slaiple. 
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Theorea  4.6.  Let  the  cardinal  function  p  satisfy  the  hypotheses  of  Theorem 
4.3  and  let  the  seros,  keK,  p  be  simple.  Suppose  there  are  positive 

nuabers  r,R  such  that 

f  <  I  P'(\)  I  <  keK*  (4.29) 

Then  the  functions 

1^(.)  -  ^  (4.90) 

k 

font  iS  Bless  basis  for  Tp. 

Beaark.  The  right  hand  Inequality  In  (4.29)  follows,  of  course,  from  the  boun¬ 
dedness  of  p  In  strips  I  Re(x)  |  <  p. 

Proof  of  Theorem  4.6.  From  Theorem  4.3  the  functions  e*k^  form  a  Schauder 
basis  for  l2[**v,v];  equivalently,  the  functions  (4.30)  form  a  Schauder  basis 
for  Tp. 

How  consider  sequences  of  coefficients  (a^^  |  k  e  K)  e  Ig,  and  define  the 
operator  T  :  %  Tp  by 

The  domain  of  T  consists  of  all  (a|^}  for  which  the  right  hand  side  Is  con¬ 
vergent  In  Tp.  Thus  T  is  densely  defined  (look  at  finite  sequences),  one  to 
one  (by  strong  Independence),  and  has  dense  range  (by  completeness).  The 
adjoint  map  Is 

T*  ;  ♦  e  ♦  ♦  (♦(Sj^)  I  k  e  K}.  (4.32) 

Since 
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♦k<*>  “  p*(z^K*-*j^) 

Is  the  unique  element  of  *  blorthogonal  to  l.e. 

fl.  k  -  t  . 

<^*V  “ 

VO,  k  *  t  , 

end  ^(sg)  ■  d)(£.  It  Is  easy  to  see  that  T*  Is  defined  on  sums  ^ 
and  hence  has  dense  range*  That  It  Is  one  to  one  follows  from  the  proof  of 
Theorem  2.5. 

Now,  In  fact,  T  and  T*  are  both  bounded.  The  boundedness  of  T* 
follows  from  the  fact  that,  for  4  ^  lies  In  the  Hardy  space 

H^{lte(z)  >  p)  and  the  fact  that  the  zeros  of  an  entire  function  4  ^  * 

have  a  maximum  density;  given  L  >  0,  there  Is  an  N  >  0  such  that  the  number 
of  zeros  S|^  In  any  rectangle  j  Im(z-a)  (  ^  {  Rs(z)  |  <  p  does  not  exceed  Ml 

when  t  >  L.  The  Borel  measure  on  He(z)  >  -p  defined  by 

*1. '  S  • 

u((Be(z)  >  -p)  -  Z  )  -  0, 

P 

Is  then  a  Carleson  measure  ( [L] ,  [M] )  and  there  Is  a  B  >  0  such  that  for 

♦  «  * 

J..I  I  V  B  1*1  J  , 

A  2 

l.e.,  T  has  range  entirely  Included  In  If'  and  Is  a  bounded  linear  trans¬ 
formation.  But  then  T  ■  (T*)*  Is  a  bounded  linear  transformation. 

To  show  the  Rlesz  basis  property  It  Is  only  necessary  to  establish  that 
Is  bounded.  Ws  have  seen  from  the  boundedness  of  T  that  If  (ai^}  e  £|r 


then 
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and  we  have 

IHp  ‘hij,  • 

Now  let  {b|(}  e  i|^.  Then 

(T*)-1<1V)  -  lvV‘)  ■  Xlc  • 

“T  2 

the  domain  of  (T*)  being  those  (b|i}  e  if^  for  which  the  series  on  the  right 
converges.  But  (cf.  (2.20)  for  definition  of  P) 

A?'- 

Since  the  numbers  p'(<|:)  bounded  away  from  sero,  the  map 

b. 


■  fF(t)  ' 


is  bounded  on  l|^.  Thus 


(T*)*'^{h^}  -  -  nC[\} 


1  .e.  ( 


*  -I 

(T  )  -  PTC  . 


Since  P,T  and  C  are  all  bounded,  we  conclude  that  (T  )  ,  and  hence 

T  is  bounded.  Hence  ((c~zi()~^}  Is  the  Image  of  the  standard  orthonormal 

basis  for  l2  under  the  bounded  and  boundedly  invertible  linear  transfor- 


-1, 


mat  Ion  T  and  we  conclude  that  {(z-xi(^)  }  is  a  Rlesz  basis  for  Tp 
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Corollary  4»7«  Dnder  the  hypotheses  of  Theorem  4.6  the  exponentials 
I  k  e  k}  form  a  Rless  basis  for  L2[-*,ir]. 

This  Is  an  laaedlate  consequence  of  the  fact  that  for  g  e  Lp (-*•,<•)  such 
that  (g)  ■  t  c  fpi  the  norms  lglj^2|_,  Itlpt  ot  l^la,  are 

equivalent,  together  with  (s-s|i)”^  -  (e*^^). 
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5«  Concluding  aemarks. 

If  we  agree  to  refer  to  the  Schauder  bases  of  exponentials  for 

L^[-v,v]  associated  with  the  zeros  of  a  regular  cardinal  function  p,  as 
defined  In  Section  1,  as  generating  regular  nonhamonlc  Fourier  series,  we 
obtain  a  class  of  such  series  which  overlaps,  but  Is  neither  Included  in,  nor 
Includes,  the  class  of  such  series  studied  In  the  familiar  literature  on  the 
subject.  In  the  classical  literature,  which  Includes,  e.g.  [C] ,  [D] ,  [E], 
[^1  >  (^1 1  [<^1*  (Oil  numerous  other  contributions,  the  emphasis  lies  on 

properties  of  the  sequence  (zi^};  properties  such  as  density,  asymptotic  gap, 
proximity  to  the  Imaginary  Integers  Ik,  etc.,  are  the  starting  point.  Vftiat 
we  call  the  cardinal  function,  p,  la  constructed  as  an  Infinite  product 

p(*)  -JT  -  ir  )» 

kcK  k 

ordinarily  with  grouping  of  terms  to  ensure  convergence.  The  properties  of  p 
are  then  deduced  from  the  properties  of  the  sequence 

The  most  frequently  studied  sequences  {z|(^}  (see,  e.g.  [E] ,  [0])  are 


those  imaginary  sequences  for  which  (letting  K  »  the  Integers  now) 


—  <T<  -I 


(5.1) 


Rot  all  of  these  nonharmonic  Fourier  aeries  are  encompassed  in  our  framework. 
The  property  of  prime  Importance  for  p,  referring  to  our  framework  now.  Is 
that  p  itself  should  not  lie  In  1.2(rp)  but,  for  each  zero  zi^  of  p. 


P(g) 

p^(z.  )(z-z. 


should  lie  in  that  space.  This  requirement,  by  Itself,  does  not  make  p 
bounded  and  bounded  below  on  Tp  as  In  our  work  here.  Roughly  speaking.  It 
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adolts  functions  p(z)  whose  growth  on  Tp  is  like  |  z  |  V  with  -1/2  <  y  <  l/l> 
Such  growth  is  obtained  for  sequences  (5.1),  e.g.,  if 

•k  ~ - rfirr  )• 

Consequently,  such  cases  are  not  covered  by  our  theory  as  presented  in  this 
paper;  we  hope  to  be  able  to  modify  our  methods  to  cover  them. 

To  give  an  idea  of  what  our  theory  does  encompass,  we  first  need  a 
reasonably  large  class  of  cardinal  functions  which  meet  our  conditions.  Such  a 
class  may  be  constructed  as  follows.  Consider  the  distribution,  d,  irith  sup¬ 
port  in  defined  by 


(*)  0  (-»)  it&i  ^  (5^^)  » 


(5.2) 


where  S(^)  is  the  Dirac  distribution  with  support  Cq  ^  0, 


the  points  Ck  distinct  points  in  (~v,ir),  and  f  e  L^[-ir,v].  Using 

results  from  [N]  it  may  be  shown  that  the  Fourier  transform  of  this  distribu- 


p(z)  -  <d,e*>,  (5.3) 

is  almost  periodic  in  any  strip  |  Re(z)  |  <  P,  P  >  0,  in  the  complex  plane.  It 
is  also  easy  to  see  that  the  conditions  (1.3),  (1.4)  are  met  for  some  a  >  0. 
Thus  p(z)  as  defined  by  (5.3)  is  a  (regular)  cardinal  function  as  defined  in 
this  paper. 

A  very  Interesting  case,  not  covered  in  the  classical  treatments  [C] ,  [D] , 
and  [E] ,  but  presented  as  an  unproved  theorem  in  [F],  occurs  when  the  series 
in  (5.2)  is  finite,  say  of  length  N-1,  and 


fV 


% 


In  this  case 


.  k  -  1.2.....N-1, 


r  \  HZ  .  -HZ  .  |H  Zt 

p(z)  «  e  +  c^e  Cj^  e  +J^  e  f(t)dt 

5  Pq(z)  +  I*  e**^  f(t)dt. 


(5.4) 


(5.5) 


The  zeros  of  po(<)  then  take  the  fon  zjjt  *  log(Cj)  +  2h£1,  J  >■  1,2,**>,N, 
-•  <  i  <  «•,  where  the  (j  are  the  zeros  of  the  polynomial 


H  ^  ,11-1  . 

C  +  + 


+  c^c  +  Cq 


and  the  principal  value  of  the  logarithm  is  intended.  The  zeros,  Zj£,  of 
p(z)  are  easily  shown  to  be  asymptotic  to  the  Zji  as  j  Zj£  |  Theorem  4.6 

applies  here  if  the  Zjg  are  all  simple  zeros. 

An  i^iortant  case  also  arises  for  p(s)  having  the  form  (5.5)  but  with  the 
not  rationally  related  to  v,  so  that,  in  particular,  (5.4)  does  not 
obtain.  In  this  case  we  cannot  give  a  simple  asymptotic  expression  for  the 
zeros  of  p(z)  and  they  nay  cluster  in  various  complicated  ways  as  |  z  | 
Nevertheless,  p(z)  remains  almost  periodic  in  strips  |  Re(z)  |  <  p,  p  >  0, 
and  Theorem  4.5  applies  to  show  that  l2[-h,h]  admits  a  uniform  decomposition 
in  terms  of  finite  dimensional  subspaces  spanned  by  generalized  exponentials 
associated  with  the  zeros  of  p.  This  result  has  a  nximber  of  uses  in  connection 
with  the  theory  of  linear  symmetric  hyperbolic  systems  of  partial  differential 
equations  having  wave  speeds  which  are  not  rationally  related  (see,  e.g.  [P]). 

It  is  clear,  when  p(z)  has  the  form  (5.3),  that  the  associated  genera¬ 
lized  exponentials  are  the  exponential  solutions  of  the  scalar  neutral 
functional  equation 


w  •  •  ^  ^  r  • . 


I 


I 


w(t+ir)  +  CQw(t-*)  *  I  f(«)w(t+8)d8  -  0.  (5.6) 

As  such,  these  geaerallzed  exponentials,  restricted  to  [-x,ir],  are  the  genera¬ 


lized  eigenfunctions  of  the  operator 


(Aw)(x)  -  w*(x) 


(5.7) 


«lth  (A)  consisting  of  those  functions  w  in  the  Sobolev  space  H^[-t,v] 


which  satisfy  the  boundary  condition 


w(x)  +  CqW(-»)  i^f(®M8)d8  -  0.  (5.8) 

It  is  well  known  that  when  cq  ^  0,  which  we  assume,  the  operator  (5.7)  genera¬ 
tes  a  strongly  continuous  group  of  bounded  operators  on  l2[-v,«].  This  group 
has  been  studied  in  [Q] ,  where  it  has  also  been  shown  that  there  is  a  very 
strong  connection  between  any  exponential  Riesz  basis  for  l2[-x,v]  and  a 
corresponding  group  of  restricted  shifts,  or  translations.  This  is  another 
topic  which  we  hope  to  return  to  at  another  time. 

In  this  connection  it  is,  of  course  clear  that  our  methods  are  quite  simi¬ 
lar  to  the  methods  used  for  studying  the  spectral  properties  of  differential 
operators  which  involve  various  contour  integration  methods  applied  to  the 
resolvent  operator  (zI-A)**^  (see  [R],  e.g.).  The  meronorphlc  function 
l/p(<)  such  the  sazw  role  as  the  resolvent  does  in  that  theory.  In  fact 

it  is  shown  in  [Q]  that  for  p(z)  having  the  form  (5.3),  and  A  the  operator 
(5.7)  with  domain  characterized  by  the  boundary  condition  (5.8),  that  for 
♦  -  (w)  «  fp,  we  have 

♦(z)  -  ((zI-A)"^w)(0). 

If  one  forms  the  distributional  solution  w(t)  of 
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w(t+Tl)  +  CgWCt-w)  C^vit+^^)  +  j”  f(8)w(t+8)d8  - 

It  nay  be  seen  that  l/p(e)  Is  the  Laplace  transform  of  w.  This  leads  to  the 
formula. 

if  (zI-A)"^  is  appropriately  extended  to  H~l[-x,xl,  %>hich  includes  the 
distribution  . 
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